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 This article presents a bridge crane nonlinear dynamic model in 2-dimensional space, and 

then given a novel adaptive fuzzy-sliding mode controller based on combining sliding mode 

control with fuzzy logic and Lyapunov function. Firstly, the article proposes an 

intermediate variable to link signal between two slide surfaces, related to trolley movement 

and payload swing. Then the fuzzy controller, compensative controller and parameter 

adaptive update law for the bridge crane are defined. The asymptotic stability of the 

proposed bridge crane control system is proven based on Lyapunov stability theory. 

Simulation results show that the adaptive fuzzy-sliding mode controller ensures the trolley 

follows the input reference with the short settling time, eliminating steady error, and anti- 

payload swing, anti-disturbance. 
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1. Introduction  

The bridge crane is a lifting machinery which commonly used 

in industry and transportation to move goods from one location to 

another. The bridge crane consists of three main components: 

hoist, trolley and beam, corresponding to three movements: lifting 

and lowering the cargo of the hoist (mounted on the trolley), 

horizontal movement of the trolley (on the beam), and vertical 

movement of the beam (on the factory frame). Goods (refer to as 

payload) are linked to cargo hoist by the cable and hanger. This 

connection causes the vibration of the payload when the crane 

moves. This is undesirable - causing unsafe operation of the crane, 

reducing the accuracy in controlling the cargo transport of crane, 

reducing the crane operation. 

In some cases of actual crane operation, it is often focused on 

controlling the exact position of the trolley, after lifting the 

payload. In this case, the bridge crane is studied as a trolley 

movement in the 2D space, created by the horizontal movement 

of the trolley and the verticality of the cable. Common works on 

position control of the trolley are often based on state feedback 

control, PID control [1, 2], LQR control [3], PID combined with 

fuzzy [4-7], PID adjusting parameters [8] and obtain certain 

results. In [1], the state feedback controller is combined with the 

integral part to eliminate the steady error. The work [4] presents a 

controller PID combined with the fuzzy-sliding mode control. 

These controllers are designed based on the linear model of the 

crane and the existing of payload oscillation.  

 

Figure 1. Bridge crane movement in 3D: trolley-0x, beam-0y, hoist-0z. 

In recent times, the researches have taken into account the 

nonlinearity of the crane based on back stepping [9], nonlinear 

control [10, 11], sliding mode control [12], sliding mode control 

combined with fuzzy logic [13], partial linear feedback control 

[14], sliding mode control combined with partial linear feedback 

[15], sliding mode control combined with adaptive fuzzy control 

[16], or neural network [17]. These controllers have enriched the 

crane control strategy, ensuring that trolley follows the reference 

trajectory with small static error and small payload oscillation. 

However, these control algorithms are quite complicated, require 

a large amount of computation, the deployment of them on 

hardware devices is difficult and not considering the impact of 
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noise in the working environment of the crane, such as the impact 

of the wind. 

This article presents a nonlinear mathematical model of a 

crane in two-dimensional space (2D bridge crane model). On that 

basis, an adaptive fuzzy-sliding mode controller is designed for 

2D crane model based on the sliding mode control principle 

combined with fuzzy logic and Lyapunov function, ensuring that 

the trolley moves quickly, following set reference and eliminating 

payload oscillation, anti-disturbance. The rest of this article is 

organized as follows. Section 2 introduces the bridge crane 

dynamic model. Section 3 deals with the design of controllers for 

the bridge crane 2D. Section 4 presents the simulation results. 

Finally, section 5 presents conclusions. 

2. Bride crane dynamic model 

The motion of the bridge crane in the two-dimensional space 

Oxz  as shown in Figure 2, where: x(t) is the position of the trolley 

moving in the Ox direction, α(t) is the oscillation angle of the 

payload. Assuming that the cable is a rigid rod and connected with 

a cargo hanger, the cable length is constant and the cable mass is 

negligible; ignore the trolley friction when moving; consider 

payload as the point P(xp,zp) with mass mp; trolley with mass mt; 

Fx is the force driving a trolley in the Ox-direction, g is the 

gravitational acceleration.  

 

Figure 2. Bridge crane trolley movement in 2D 

The dynamic model of bridge crane is defined based on 

energy conservation law. The total kinetic energy K and the 

potential energy T of the system are determined as follows: 

2 2 21 1
( )

2 2
trolley payload t p p pK K K m x m x z= + = + +& & &

; px x lsin= + , pz lcos= −  

trolley payload pT T T m glcos= + = −  

(1) 

Lagrange function is determined by the following formula: 

L = K - T (2) 

The mathematical equation describing crane dynamics is 

determined from the Euler-Lagrange equation, with [ , ]Tq x = , 

[ ,0]T

xF = , as shown below 

( ) ( ), ,
d L L

q q q q
dt q q


  

− = 
  

& &
&

 (3) 

After transforming, we obtain the mathematical equation 

describing the dynamics of crane: 

2( ) ( cos sin )

cos sin 0

t p p xm m x m l F

x l g

   

  

 + + − =


+ + =

&& &&&

&&&&
 (4) 

The system of equations (4) is separated into 2 subsystems, 

describing 2D bridge crane dynamics in the state space, including: 

system A describes the trolley movement; system B describes the 

payload oscillation. 

1 2

2 1 1
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4 2 2
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where: 
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The 2D bridge crane model is a nonlinear system. When the 

trolley moves, the payload oscillation will appear, so that as the 

proposed controller not only ensures the trolley follows the 

reference trajectory but also quenching payload oscillation, in 

order to ensure safe operation and accurate cargo transportation. 

3. Adaptive fuzzy-sliding mode controller design for the 

bridge crane 

3.1. Sliding mode controller 

 In this research, mathematical model of 2D bridge crane is 

described by equations (5) and (6), corresponding to system A, 

system B. 

The goal here is to synthesize a controller ( )u u x=  so that 

the outputs ( ) [ , ]Tx t x =  of the crane (5) and (6) follows on the 

input reference ( ) [ , ]T

d d dx t x =  i.e. the steady error: 

  1 2( ) [ ( ), ( )] 0Te t e t e t= →   

with
1 1 1 ;de x x= −  
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2 3 3 ;de x x= − 1 3; , 0.d d d d dx x x  = = =  

According to the sliding control principle, we determine the 

general sliding surface for systems A and B: 

1 1 1 1 1 1 1 1 1 2 1 1 1 1 1( )b d d d ds e e x x x x x x x x   = + = − + − = + − −& & & &  (7) 

2 2 2 2 3 3 2 3 3 4 2 3 3 2 3( )b d d d ds e e x x x x x x x x   = + = − + − = + − −& & & &  (8) 

where: 
1 2,   are positive constants. 

To ensure the control target for bridge crane (5) and (6), we 

define the sliding surface 
1s  for system A to ensure precise 

control of trolley position and sliding surface 
2s  for system B to 

ensure the general control target for bridge crane, that is: 

controlling the trajectory of the trolley, quenching the payload 

oscillation of the payload, the anti-disturbance. Therefore, we 

need to use the intermediate variable z  to link the signal between 

the sliding surface 
1s  and the sliding surface 

2.s  On that basis, 

the author defines the sliding surface 
1 2,s s  as follows: 

1 1 1 1 1 1 1 1 1 1 2 1 1 1 1 1( )b d d d ds s e e x x x x x x x x   = = + = − + − = + − −& & & &  (9) 

2 2 2 2 3 3 2 3 3 4 2 3 3 2 3( ) ( ) ( )d d d ds e e z x x x x z x x z x x   = + − = − + − − = + − − −& & & &  (10) 

Intermediate variable z  are defined as follows: 

1. ( )zz z sat s=   (11) 

where: | | ; 0 1z z z   , z  is the upper limit of |z|, z  is 

the boundary limit 
1.s   

 
1 1

1

1 1

( ) | | 1
( / )

| | 1

z z

z

z z

sign s if s
sat s

s if s

  
 = 

  
 

Because of 1z   it can be effective in reducing. When 
1s  

reduced z  is also decreases. When 
1 0,s → 0,z →  

2 0e →  

then 
2 0s →  and achieves the control target for crane (5) and (6). 

Therefore, by adding intermediate variables z  now 
1s  and 

2s  at 

the same time tends to 0.  

According to the sliding control principle, when 
2 0s =&  we 

get the sliding control law for bridge crane, it looks like this: 

2 4 2 2 3 2 3

2

d d
eq

x z f x x
u

g

  − + − + +
=

&& &&
 (12) 

Control law (12) for bridge crane is a complex nonlinear 

function, for which z& is not defined. Therefore, in this article, the 

author proposes adaptive fuzzy-sliding mode control law to 

imitate the sliding control law (12) based on fuzzy logic control 

and Lyapunov function. 

3.2. Fuzzy controller based on sliding mode control principle 

Define fuzzy controller with input 
2s  and output fu  with 

fuzzy control rules i-th as below: 

Rule i: IF s2 is Fi THEN uf is i, i=1,2..n  (13) 

where: Fi is the input fuzzy set with the membership function 

Fi(.) and i are the changing singleton output values. 

Defuzzification with centroid method, we obtain: 

0
2

0

.

( , )

n

i i
Ti

f n

i

i

u s

 

  



=

=

= =



 (14) 

where: i = Fi(s2) is the reliability of the i-th fuzzy control rule. 

1 2[ , ,..., ]T

n   = ; 

1 2

1 1 1

[ / , / ,..., / ]
n n n

T

i i n i

i i i

      
= = =

=   
  

(15) 

According to the fuzzy approximation theory, there is an 

optimal fuzzy controller 
fu

 of the form: 

*( )T

fu   =   (16) 

 where: 
* is the optimal parameter set as follows: 

2 2

*

| | | |

arg min sup | | , 
s

f eq
M s M

u u t



 

 
= −  

 
  (17) 

where: M, Ms2 are the appropriate values when designing. 

The control signal (16) is closest to (12), in other words, the 

deviation d(t) is the smallest: 

*( ) f eqd t u u= −  với  0 ( )d t D    (18) 

Here the limit D is a positive number, but it is uncertain in 

practice. Called D̂  the estimated value of the limit D. Then the 

estimate of the limit D is D% is defined as follows: ˆD D D= −%   

Therefore, based on (12), the author proposed a new control 

law for bridge cranes (5) and (6) with the following form: 

2 2 2
ˆ ˆ( , , ) ( , ) ( , )f cu u s D u s u s D = = +  (19) 

Here 2( , )fu s   the fuzzy controller (14) has the closest 

value to (12); and 
2

ˆ( , )cu s D  is the compensated controller to 

compensate for the deviation (if any) between control laws (14) 

and (12). The compensation controller 
2

ˆ( , )cu s D  is determined 

based on the Lyapunov stability theory, ensuring the stable 

asymptotic bridge crane control system.  
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3.3. Adaptive laws based on Lyapunov function 

Next, the author summarizes the compensation controller 

2
ˆ( , )cu s D  and determines the adaptive law to update the 

parameters , D̂  so that (19) optimal operation is closest to (12), 

which means 
*( )t → and ˆ ( )D t D→ . Set 

*  = −%  and 

select Lyapynov function with the following form: 

2 2

2 2

1 2

1 1 1
( , , )

2 2 2

TV s D s D  
 

= + +% % %% %  (20) 

According to (10) sliding surface derivative s2 and from (19) 

combined with (12), (15), (18), we obtain: 

2 4 2 3 3 2 3

2 4 2 2 2 3 2 3

* *

2 4 2 2 2 3 2 3

*

2

( )

   

   ( )

   ( )

d d

d d

c f f f d d

f f c

s x x z x x

x z f g u x x

x z f g u u u u x x

g u u u d

 

  

  

= + − − −

= − + + − −

= − + + + − + − −

= − + +

& & & && &&

&& &&

&& &&
 (21) 

 The derivative (20) over time, combined with (14), (18), (21) 

we have: 

2 2 2

1 2

*

2 2

1 2

2 2

1 2

1 2 2 2 2 2 2

1 2 2

1 1
( , , )

1 1 ˆ ˆ( ) ( )( )

1 1 ˆ ˆ( ) ( )

1 1 1ˆ ˆ ˆ( )

T

T

f f c

T T

c

T

c

V s D s s DD

s g u u u d D D D

s g u d D D D

g s s g u DD s g d DD

  
 

 
 

   
 

   
  

= + +

= − + + + + − −

= − + + + − −

= − + + + −

& && % % %% %%&

&&% %

&&% % %

& &&% %

 (22) 

According to Lyapunov stability theory, the bridge crane 

control system is stable, the necessary condition is 0V & . From 

there according to (22), we determine the compensation controller 

2
ˆ( , )cu s D  according to (23) and the parameter D̂ update law  

according to (24), the parameter   update law as follows (25). 

         
2 2

ˆ ( )cu Dsign s g= −   (23) 

     2 2 2D̂ D s g= − =
& &%  (24) 

  1 2 2g s   = − =
&& %  (25) 

3.4. Prove asymptotic stability of bridge crane control system 

Replacing (23,24,25) into (22) we obtain: 

2 2 2 2 2( , , ) | | 0V s D s g d s g D = − & % %  (24) 

According to (24), Lyapunov (20) function, 0V & , which 

ensures that 
2

ˆ ˆ, ,s D  is limited. Thus, when time reaches infinity 

function V goes to 0:  

0
t
limV
→

=  (25) 

This also ensures that when t →  then 
1 20, 0,s s→ →

* ˆ, D D → → , i.e. the crane control systems (5) and (6) are 

asymptotically stable, the output is tracked to the input reference. 

Thus, the crane control system described by (5) and (6) uses 

the new control law proposed in the article, determined by (19), 

(14), (23), (24), (25) based on combination of sliding mode 

control, fuzzy logic and adaptive law based on Lyapunov function, 

ensuring precise control of the trolley position according to the set 

reference with eliminated payload oscillation, anti-disturbance. 

The block diagram of adaptive fuzzy-sliding control system 

for 2D crane is shown as Figure 3, including: sliding surface block, 

fuzzy control block and compensation control block, parameters 

adaptive update block. 

 

Figure 3. The block diagram of adaptive fuzzy-sliding control system for 2D crane 
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Figure 4. Simulation diagram of the bridge crane adaptive fuzzy-sliding mode control system 

4. Simulation results 

Simulation parameters of the crane are selected based on 

physical crane model at UTC laboratory [1]. 

According to the principle of sliding mode control [12] and 

crane parameters [1], we choose the sliding surface parameters as 

follows:  

1 2 1 20.6, 100, 50, 0.001, 0.99, 5.zz   = = = = =  =  

Building a 2D crane control system on Matlab, using the 

adaptive fuzzy-sliding control law (AFS) proposed in the paper, 

we obtained the simulated system diagram as shown in Figure 4, 

including function blocks: Slide Surf block: calculate the sliding 

surface of the system; ZetaCal block: calculate  ; Adap D^ block: 

calculate the update value D̂  for the offset compensation 

controller; Adap. Theta block: calculate updated value   for 

fuzzy controller; AF Cal. block: output of fuzzy controller; AC 

Cal. block: the output of the controller compensates for deviation; 

Crane XA block for bridge crane dynamic model.  

Based on experience in crane operation and fuzzy control 

principle, with the above crane parameter [5], the author performs 

fuzzy input s2 of the controller (14) by {NB, NM, NS, ZE, PS, PM, 

PB} having triangular integrated functions with domain s2 [-20; 

+20] and fuzzy output uf with {UN, UM, US, UZ, FS, FM, FB} 

having singleton functions with the physical value domain uf 

[0;100]. 

Simulation scenario of the bridge crane adaptive fuzzy-

sliding control system includes the following cases:  

+ Case 1: Let the trolley run to position 0.5m and then the 

trolley runs to position 1.0m and changes coefficients 1, 2;  

+ Case 2: Let the trolley run to position 0.5m and then the 

trolley runs to position 1.0m and changes coefficients 1, 2;  

+ Case 3: Let the trolley run to position 0.5m and then the 

trolley runs to position 1.0m and changes coefficients , zz  ; 

+ Case 4: The input reference is a slope;  

+ Case 5: There is impact disturbance; 

+ Case 6: Use AFS controller and PID controller [1]. 

 

Figure 5. Crane response with different 
1 2,   

Table 1. The proposed controllers’ performance 

           Controller 

Index      
PID AFS 

Rise time Small, ~2.5s Small, ~2.5s 

Over shoot Large, 20.5% Not 

Steady time Large, ~7s Small, ~5s 

Steady error 
<5%, but large with 

disturbance 
~0, or very small 

Anti-swing 

payload 

<10o, but large with 

disturbance 
~0, or very small 

Anti-disturbance 
<10o, but large with 

loud disturbance 
~0, or very small 
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Figure 6. Crane response as affected by disturbance  

Simulation results show that the quality of the bridge crane 

control system as using AFS controller is better than as using PID 

controller. The application of the AFS controller to the crane 

obtained the following results: quick trolley’s position response, 

short settling time, eliminating steady error, anti-swing (or very 

small) payload, anti-disturbances (or very small). 

 

Figure 7. Crane response with AFS and PID controller 

The simulation results also show that the selection of the 

coefficient of the sliding surface affects the quality of the adaptive 

control system of fuzzy-sliding crane, specifically as follows: 

when increasing 
1 , the trolley position response is better but 

greater is the payload oscillation; when decreasing 
2  or 

increasing it too large, the payload swings strongly; when 
1  is 

too small or when 
2  is too large, the trolley position response 

has vibration and greater payload oscillation; when 
z decreases 

or z  decreases too small, the trolley position response has 

vibration and the payload Will swing larger. 

5. Conclusion 

The article has proposed a new adaptive fuzzy-sliding mode 

controller (AFS) for 2D bridge crane based on combining sliding 

mode control with fuzzy logic and Lyapunov function. The AFS 

controller ensures the objective of controlling the position of the 

trolley tracking according to the reference trajectory, eliminating 

the payload oscillation and anti-disturbance (small amplitude). The 

quality of the bridge crane AFS control system is better than PID 

controller when crane is affected by large disturbance. The 

adaptive fuzzy-sliding mode control algorithm allows simple 

installation on hardware control devices with a normal amount of 

calculation. The AFS controller allows the crane to operate safely 

and reliably in harsh environments, such as the harbor. 

The success of the AFS controller for 2D bridge crane will 

continuously study to be applied for the object in real time and for 

3D crane with the random disturbances. 
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