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In Banach spaces an iteration algorithm for two finite families of total asymptotically quasi-
nonexpansive maps is introduced. Weak and strong convergence theorems of this algorithm
to approximation common fixed points are proved by using suitable conditions. As well as,
numerical example by using Mat-lab is given.

1. Introduction and Preliminaries

This paper was originally published in the Conference: 2018
International Conference on Advanced Science and Engineering
(ICOASE), Iraq [1]. Tt is well known that the concept of
asymptotically nonexpansive introduced by Goebel and Kirk [2].
Additionally, every asymptotically nonexpansive map of a Banach
space has a fixed point is proved. In [3], Petryshyn and Williamson
proved the weak and strong convergence for quasi-nonexpansive
map by using a sufficient and necessary condition. Alber [4], a new
class of asymptotically nonexpansive is introduced. As well as,
approximating methods for finding their fixed points are studied.
In 2014, G. S. Saluja [5] established the strong and weak
convergence for approximating common fixed point for
generalized asymptotically quasi-nonexpansive maps in a Banach
space.

Very recently, In [6], the authors proposed an implicit iteration
for two finite families of generalized asymptotically quasi-
nonexpansive maps. As well as, some strong convergence
theorems are established. It is useful to point out our findings in
this area which appeared in [7].

Let B be a non-empty closed convex subset of a real Banach
space M and T be a self-map of B. The set of all fixed points
denoted by F(T). A selffmap T from B into M is called
nonexpansive map [2] if
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[ITa —Th|| < ||la—b|| foralla,b € B

and is called quasi- nonexpansive map [6] if F(T) # @ and
ITa—a*ll < lla—a’l
for alla € B and for all a* € F(T).

A Banach space M is satisfying:

e "Opial’s condition if for each sequence (a,) in M, is

weak convergence to a implies that
lim inflla, —all < lim inf |la, —b|
forallb € M witha # b".

e "Kadec-Klee property if for each sequence (a,) in M is
weak convergence to (a) together with ||a,,||
converges strongly to ||a|| imply that (a,) is strong
convergence to a point a € M [7]".

The aim of this paper, an iterative scheme for two families of
total asymptotically quasi-nonexpansive maps is established. The
strong and weak convergence theorems of this scheme for
approximation of common fixed points in Banach space by using
suitable conditions are established. For this purpose, let us recall
the following definitions and lemmas.

Definition (1.1): "A map T is named asymptotically

nonexpansive [1] if there is a sequence

(f) in [0, +00) with lim f, = 0and ||[T"a—T"b|| < (1 +
n—-oo

flla — b||,foralla,b € B,n=1,2,...

69


http://www.astesj.com/
http://www.astesj.com/
https://dx.doi.org/10.25046/aj040311

S.S Abed et al. / Advances in Science, Technology and Engineering Systems Journal Vol. 4, No. 3, 69-74 (2019)

If F(T) # @ there is a sequence (f;,)in [0, +0) with lim f, =
n—-oo

Oand ||[T"a—a*|| < (1 +fy)lla— a*|],
foralla € B,a* € F(T) and n = 1, 2, ...Therefore, T is named
asymptotically quasi-nonexpansive map [10]".

Definition (1.2): "A map T is named total asymptotically
nonexpansive map [4] if there are null sequences of postive
real numbers (f,)n=1, (8n)ne1, 1 = 1 and nondecreasing
continuous function y: [0, ©0) — [0, ) with 1(0) = 0 such as
VYa,b € B

IT"a — T"bl| < lla —bll + fylla — bl + g,".
T is named total asymptotically quasi-nonexpansive map if
F(T) # @, there are null sequences of postive real numbers
(fn);'f:l' (gn)g):l' n=1, Zgozl fin < o and 2;?:1 8in <,
and nondecreasing continuous function {: [0, ) — [0, o0)
with ¢(0) = 0 such as Va € Band a* € F(T)
IT"a —a*|| < lla —a*ll + fylla — a”|l + gy
Ifg, = 0,vn = 1,2, ... therefore T is asymptotically quasi-
nonxpansive map.

Definition (1.3)[11]: "Let B be a nonempty closed convex
subset of a Banach space M. A self-map T is named uniformily
K-Lipschitzain if there exists a constant K > 0 such that

IT"a — T"b|| < K|la—b]||, Ya,b €B.

Definition (1.4)[12]: "A map T: B — M is named demi-closed
with respect to b € M if for each sequence (a,,) in B, (a,,) is
weak convergence to a and T (a,,) is strong convergence to b.
Hence a € B and T(a) = b. If (I — T) is demiclosed which
means if (a,) is weak convergence toain B and (I —T) is
strong convergence to 0. Therefore (I — T)(a) = 0".

Note: Now to explain the relation between the above definitions:

Nonexpansive = Asymptotically = Total asymptotically
nonexpansive nonexpansive
3 4 3
Quasi— = Asymptotically quasi = Total asymptotically
nonexpansive  —nonexpansive quasi — nonexpansive

Lemma (1.5)[13]:" Let M be a uniformly convex Banach space
and0 <L <t,<K<1,Vn € N.Presume that
(a,) and (b,,) are two sequences of M such as:

lim|la,|| <7, lim||by|| < r and lim||t,a, + (1 — t,)b,|| =
n—oo n—oo n—oo
T

hold for some r = 0. Thus lim|la, —b,|| = 0".
n—oo

Lemma (1.6)[14]: "Let (i) neq, (01)ne1 and (e, )m=q be
sequences of postive numbers accomplishing the following
inequality:

Hny1 S (X +op)pp +e, ,Vn=1
if ¥o2,0, <ooand YL, e, < oo, then
(4n)is bounded and lim p,, exists. In additional

n—-oo

if, lim inf p, = 0 then lim p, = 0”.

n—-oo n-oo
Lemma (1.7)[15]: "Let B be a nonempty convex subset of a
uniformly convex Banach space. Therefore there exists a strictly
nondecreasing continuous function f: [0, 00) — [0, o0) with
f(0) = 0 such as for each Lipschitzain map T: B — B with
Lipschitz constant K:

WWwWw.astesj.com

[ItTa+ (1 —t)Tb — T(ta + (1 — t)b||
1
< Kk (1l = bl = ¢ ITa = T},
Vab € Band Vvt € [0,1]".

Lemma (1.8)[12]: "Let M be a uniformly convex Banach space
and its dual M* accomplishing the Kadec-Klee property.
Presume that (a,,) bounded sequence in M such as lim||ta,, +

n—oo
(1 —t)p, — p,ll exists vV t € [0,1] and p,,p, €
W,y (ay), thus p; = p,".

2. Main Results

Let B be a nonempty closed convex subset of a Banach
space M and {Tj, S$,Vj=1,2,.., k} be two families of total
asymptotically quasi-nonexpansive self-maps. We define the
iteration algorithm (a,) as follows:

a, €EB

tp1 = (1= a)San + @ T by

bin = (1 = @jn)Sf'an + € T]"bj-1yn

bi-nn = (1= (1) S 1an + a-1n T 1DG-2)n

byn = (1 — @3)S7 ay + a2, T b1y
bln = (1 - aln)S{Lan + alnTlnbOn (1)
Where by, = a, and (a,)n=; are sequences in [0, 1].

Lemma (2.1): Let B be a nonempty closed convex subset of a
normed space M and T;,8,j =12, .., k be two family of total
asymptotically quasi-nonexpansive self-maps of B. Presume that
F(T};,S;) # @ and the sequence (a,,) be as shown in step (1).
Then:

i- There are sequences (u,) and (v,,) in [0, ) such as

Z‘;‘Lo:l Up < 0o, 27010=1 Un < o and

lanss —a’ll < (4 +w)  lan —a'll + v,

Va*e F(T]-,S]-) and V n.

ii- There exist constants J;,J, > 0 such as

ltnap — [l < sllan — a1l + )5 v a € (T, 5))
andn,p=1,2,....

If there is Z > 0 such thaty(4;) < Z4;,j = 1,2, ..., k.

Proof: i- Leta®™ € F,u, = lrél]as)ijjn and v, = lrél]%( Gjn-

Now, we have
”bln - a*” = ”(1 - aln)SIlan + alnTlnan - a*”
< (1 - aln)llslnan - a*” + aln”Tlnan - a*”
< (A =apilla, — a’ll + findblla, — a’ll + gin}
+ aln{”an - a*” + flnlp”an - a*” + gln}
<1 —-ap)A+ finDllay — a’ll + (1 — ayn)gin
+ aln(l + flnz)”an - a*” + X1nG1n
< (1 +f1nZ)”an - a*” + I1in
S(1"‘un)"an_a*”"‘vn )
Assume that ||b;, — a*|| < (1 + w,)/lla, — a’ll + v,
Therefore,
[ B (€ i Grin)Sfian + @geamT by
— a*
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< (1 = ageam)[$1an — |
+agion [Tk — a
< (1= agunn) (1 + fgenZ)lla, — a”|l
+ (1 = agsnn)9gsnn
+ agson (1 + fgrnZ) ||
+ A+ 1)ngG+1n
< (1 - a(j+1)n)(1 + un)”an - a*” + v,
+ a(j+1)n(1 + un)(l_ + un)j”an - a*”
+ agn (1 +u)v;
<A +u)*a, —a*ll +vl*
Thus, by induction, we obtain
1By —a'|l +v, 2)
forallj =1,2,..,k.
Now, by (2), we get
”an+1 - a*” < (1 - ajn)”Sjnan ]n in
< (1 - ajn)(l +uy)lla, — a*|| + v,
+ajn(1 + un)(l + un)j”an - a*”
+a,(1+ un)vj
< (1 +u)*a, —a’l| + vt
ii- By using part (i), we get
lansy — @'l < (1 + tnip-1)"" [lansp-1 =

j+1||a —1-a*
< o (tttipspr) Hemrp-i e

1

1

j+1
n+p-1

j+1|

It
+e Vn+p-1

< e(]'+1)un+p—1||an+p—1—a*|| + eUtDvnip-1

S e(]+1)2;(': uk”a —a ” + e(]+1)zn+P 1vk

< hllay, —a*ll + J,.
Setting J; = eUDIIY " uk gng J, = eUDIIY

Lemma (2.2): Let B be a nonempty closed convex subset of a
normed space M and T]-,S]- ,Jj=12,..,
asymptotically quasi-nonexpansive self-maps of B. Presume
F(T]-,S]-) # @ and (a,) be as shown in step (1). Therefore,
7lli_{£10||an — a*|| exists for all a* € F(T;,S,).
Proof: By Lemma (2.1.1)
lanss — all < A +u)*lay — a’ll +vs "
<A +uw)lla, —a*ll + vy
and Yo u, < 0,2 v, < . So by Lemma (1.6.1), we get
7lli_{£10||an — a*|| exists for all a* € F(TJ,SJ)

1

Lemma (2.3): Let B be a nonempty closed convex subset of a
Banach space M and T, S; ,j = 1,2, ..., k be two families of
Lipschitzain and total asymptotically quasi-nonexpansive self-
maps of B. Let (a,,) be as shown in step (1). Therefore, for all
aj,a; € F(T;,S;), the limit

Tlli_{glolltan + (1 —t)a; — a3|| exists for all t € [0, 1].

If there is Z > 0 such that 1/)(/1]-) <ZX,j=12, ..,k
Proof: By using Lemma (1.6),we have 7P_r}rc}ollan — a*|| exists

Va* e F(Tj,Sj) and (a,) is bounded. Let
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k be two families of total

Ya(O) = |lta, + (1 — t)a; —a3ll, Vt € [0,1].
Therefore, 1111_r)r010 a,(0) = |la; — a3 and 7ll_r){)lo a,(1) =
[la, — a3l exist by Lemma (2.2).
Then, for t € [0,1] and for all a € B, we define the map
R,:B - B by:

bin = 1- aln)SIlan + alnTlnbOn

bZn = (1 - aZn)Sénan + aZnTanln

by, =(1- ajn)S]?"‘an + @i T"b(j—1)n
Rpa=(1- a]-n)Sj”an + aj T bj,
Now,
IRna = Rucll < (1 = ajn)[|S]'a = S7'c|| + e[| T bjn = T |
< (1 - a]-n)(l +f]-nZ)||a —c|l + (1 - ajn)gjn
+ & (1 + finZ)|bjn = djnll + jngjn
<A +ulla—cl|l + v,
<A+ fudlla—bll + g,
with Yo u, < 0,¥> v, <ooands, =1+ u,, it follows
thats, = 1 asn — oo.
Setting Wy, = Rpym-1Rnym-1 - Rn

and bn,‘m = ”VVn,‘m(tan + (1 - t)a; - (tVVn,man + (
Thus,
R R, (a)
W. a—W..b _|| n+m-1"n+m-2 - ||
” m v ” Rn+m 1Rn+m 2 1(1(137)
R R a
<s _ n+m-2 - ||
rmet —Rnim-2 Rn(b)
+vn+m 1
< Hn+m 1s]||a _ C” +Zn+m 117]
n+m-1
= dlla=cll+ Y v
for all a,c € B,where A, = [[}2" " s;, Wy, na, =
Ap+m and a* = a* for all a* € F(T;, S;).
Hence,

yn+m(t) = ”tan+m + (1 - t)aI - a;”

tVVn,man + ((1 - t)ai - a; + Wn,m(tan + (1 - t)ai) - a;
= +a* —a’
_Wn,m(tan + (1 - t)ai) - a;
< by + [ Wom(ta, + (1 = Bap)
n+m-1
< bym + Apya(t) + Z v
j=n

By using Lemma (1.7), we have

bnm = Kf 1(”an —a ” - ”VVn,‘man - Wn,ma*

1
<Kf'(la, —a’ll - % (1ansm —a’ll
- [Woman —a’
and (b, ,) converges uniformly to zero. Since lim A,

n—-oo

land lim v, = 0, we get

n—-oo

lim lim supy,(,m < lim lim b, ,, + hm infy,(t)

n—00 m—oo n—00 m—00
= lim infy,(t)
n—-oo
Thus, lim y, (t) exists for all t € [0,1].
n—oo
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Theorem (2.4): Let B be a nonempty closed convex subset of a
uniformly convex Banach space M, T;, S]- ,Vji=1,2,..,kbetwo
families of Lipschiztain and total asymptotically quasi-
nonexpansive self-maps of B and the sequence (a,,) be as shown
in step (1). If there is Z > 0 such that w((lj) <ZA,j=

1,2, ..., k. Then, lim ||Tj”an — an” =0= lim ||Sj”an - an”, vj.
n—-oo n—-oo

Proof: By Lemma (2.2), lim ||a, — a*|| exists. Assume that
n—-oo

lim|la, —a*|| = e, Ve > 0.
n—-oo

If e=0, the proof is straight forward.
Now, suppose e > 0. We get
ansr = (1- a]-n)Sj”an + a;,, T;"b;

and
e=|lans, —a’ll = ”(1 - ajn)(sjnan - a*) + ajn(Tjnbjn

—a)
<Kla,—a’||<e
< K||bjn — a*|| < K{ +uy) lla, —

a*|| + v,{} <e.
Therefore, by Lemma (1.5), we get
lim 87, — 17| = 0

Since ||S]-"an —a*
and ||T]-"bjn —a*

Next,
”bjn - an” < (1 - ajn)ll‘s}nan - an“ + a]'n”T]'nb(]'—l)n - an”
< (1= @) (A + fin2)llan — anll(1 = @) gjn
+ ajn(l + f}'nz)”b(j—l)n - a‘rl” T GnGjn
< gjn + (1 = ag-n) (1 + finZ)
(157 1an = @nll + jng-1yn(1 + finZ)
T2 1b¢j-2yn — aa|
< G + Gn(1 = aGonn) (X + finZ)gjn
+ a1+ finZ) (1
+ fij—mZ)||bG—2ym = anl|
+ ajna(j—l)n(l + f}'nz)g(]'—l)"

< o
Since Z > 0,X5-1 fin < and ¥;_; gjn < , hence
tim by, — o] = 0.
Then,
157 an = anll < 17 an = 77" byul| + 1T bjn — an|
< IS an = T7bjnl| + K|lbjn = an]| - 0

asn — oo,

And

”Tjnan —an|| < ”Tjnan - S]'nan” + ”S]-"an — anl| -0
asn — oo,

Theorem (2.5): Let B be a nonempty closed convex subset of a
Banach space and T;, S]- ,j =1,2, ..., k be two families of total
asymptotically quasi-nonexpansive self-maps of B. Presume that
F(T]-,S]-) # @ and (a,,)be as shown in step (1)is strong
convergence to a common fixed point of 7; and §; iff

Tlll_r& inf d(a,, F) = 0,where d(a, F) = infcrlla — a*||.
Proof: To show Tlll_r& inf d(a,, F) = 0 implies that (a,) is
strong convergence to a common fixed point of T}, 5;, j =
1,2,..,k, since by (2)
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d(@ns1, F) < (1 + u,)*1d(ay, F) + v
< (1 +uyd(a, F) +v,
By Lemma (1.6), we get rlzl—r»{}o a, exists and lim infa, = 0.

n—-oo

Hence, lim a, = 0.

Next, tonprove the sufficiency, firstly show that (a,) Cauchy
sequence. By using Lemma (2.1.ii), we get

”an+p - a*” < hlla, —a’ll +/; 3)
va' € F(T;, S, n=p=12,..
Since lim a,, = 0,Ve > 0,3N such that

n—-oo

d(an,F)Si—]—z, vn >N
3ho N
therefore, there is [ € F(T;, S;) such that
€ )
lay = Ul < o= 4
vl =g @

From (3) and (4), Vn = N, we get
”an+p - an” = ”an+p - l” + lla, — |
< Jillay = Ul + ]2 + Jillay = Ul + J;

Shzi]l_]z +J; +]12i]1_]2 +/;

=€
Then, (a,) is a Cauchy sequence and converges to ¢ € M.
Lastly, to show that ¢ € F(T]-,S]-), for any €* > 0, there is
N;such that

€* 39
22+fz) (2+fz)’
Since 7&1_{1010 a, = 0 implies that N, > N; such that d(a,, F) <

la, —cll < vn = N; (5)

e*

— Vv
3(4+3f;Z)
Thus, 3 l; € F(Tj,S;) such that

€
llay — LIl <

n = N,.

2a+37,2) (6)
From (5) and (6) for any T}, Vj = 1,2, ..., k, we obtain
Iy = cll < je =t + 2| Tyay, — Ll + |lay, -1
+ lan, — <]
Slle=4LIl+ figllp — LIl +g; + 2”“1\12 - l1||
+2fipllan, = 1| + 2g; + [lan, — L]
+ lan, — <]
<@+ £Z2)e =Ll +2(1 + f;Z)||ay, — L + 39/
+ llaw, = L]l + [lay, =<
< (1+f2)|aw, = cll + (1 + fiZ)||law, — 4]
+2(1+ fiZ)|lan, = Ll + 3g; + [lan, — 4|
+ law, — <]
< 2+ fi2)|an, —cll + (4 +3£2)||ay, - L]
+3g;

(2+2)

*

¢
22+ £;Z)
+(4+3f2)

IA

€
2(4 + 3f,2)

=c*
Therefore, ||T]c - c|| = 0 Vi which means Tic=c¢,Vj=
1,2,.., k.
By using the same above argument we can prove ||S]-c - c|| =

0,Vj.Thus ¢ € F(T}, ;).
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Theorem (2.6): Let B be a nonempty closed convex subset of a
uniformly convex Banach space and T; ,S]-,j =1,2,..,k betwo
families of Lipschitzain and total asymptotically quasi-
nonexpansive self-maps of B. If M accomplishes Opial s
condition and the maps [ — T; and ] — S, j=12,.., k are
demiclosed to zero, therefore (a,,) be as shown in step (1) is
weak convergence to a common fixed point of Tj and Sj,j =
1,2,..,k.
Proof: Let a” € F(T},S;). By Lemma (2.2), Ai_r&”a" —a’||
exists.
By Theorem (2.4), we have

lim [T ay — an|| = 0 = lim |$f"ay — a|
for j=1, 2,..., k. Since by the supposition the maps I —
T; and I - §;,Vj = 1,2, ..., k are demiclosed to zero, therefore
Tja* = a* and S]-a* = a”, that means a* € F(T]-,S]-).
Next, to prove (a,) converges weakly to a*. Assume there is
other subsequence (a,;) of (a,) is weak convergence to b* €
F(T]-, S]-) and a” # b". By using the same argument as above we
can show that b* € F(T],Sj)
Now, to prove the uniqueness, assume a* # b*. Therefore, by
using Opial 5 condition, we obtain:
lim|la, - a’ll = lim [la,; — o'

<t =

= lim |la,; — b||
ni—oo
< lim |lay; — a’||
ni—oo
= lim|la, — a’|l
n—-oo
This is contradiction, therefore a* # b* . Hence, (a,) is weak
convergence to a*.

Theorem (2.7): Let B be a nonempty closed convex subset of a
uniformly convex Banach space and T;, S]- ,j=1,2,..,kbe two
families of Lipschitzain and total asymptotically quasi-
nonexpansive self-maps of B. If the dual space M* of M has the
Kadec-klee property and the maps I — T;,1 — S;,j = 1,2, ...,k
are demi-closed to zero, therefore, (a,) be as shown in step (1)
is weak convergence to a common fixed point of 7; and ;.
Proof: As showed by Lemma (2.2), that 7P_r}rc}ollan — a*|| exists.
Since (a,) is bounded in B and M is reflexive. Therefore, there
exists a subsequence (a,;) of (a,) which is weak convergence
to a pointa® € B. By Theorem (2.4)

,lijg”Tj"an —ay)|=0= ii_@”‘s]nan —a
vi=1,2, ..., k.
Since by the supposition the maps I — T; and [ — §;,Vj =
1,2, ..., k are demi-closed to zero. Thus, a* € F(Tj,Sj). Now, to
prove (a,) is weak convergence to a point a*. Presume that
(a,i) is other subsequence of (a,,) that is weak convergence to
apoint b* € F(T},S;). By using the same argument as above, we
obtain b* € F(T]-,S]-).
Therefore, by Lemma (2.3) Tlli_{glolltan + (1 —t)a* — b*|| exists
forallt € [0,1].
By Lemma (1.8) a* = b*. As a result, the sequence (a,) is weak
convergence to the pointa* € F (T], S]-).
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The following corollaries are special cases

Corollary (2.8): Let B be a nonempty closed convex subset of a
Banach space and T; ,S]-,j =1,2,...,k be two families of total
asymptotically nonexpansive self-maps of B. Presume that
F(T;,S;) # @ and¥, fo < 0, X721 gy < 0.

Presume that (a,,) be as shown in step (1) is strong
convergence to a a common fixed point of T; and S; iff

711_{{}10 inf d(a,, F) = 0,where d(a, F) = inferlla —a*|l.
Corollary (2.9): LetT;,5;, B, fjand gj, j = 1,2,...,k beasin
corollary (2.8). Therefore (a,,) be as shown in step (1) is strong
convergence to a* € F (T}, ;) iff (a,;) of (a,) that converges to
a’.

Corollary (2.10): Let B be a nonempty closed convex subset of
a uniformly convex Banach space and T;,5,vj=12,.., k be
two families of Lipschitzain and total asymptotically
nonexpansive self-maps of B. If the dual space M* of M has the
Kadec-klee property and the maps [ — T; and [ — §;,Vj =

1,2, ..., k are demi-closed to zero, therefore (a,,) be as shown in
step (1) is weak convergence to a common fixed point of

Ti and Sl"

Corollary (2.11): Let B be a nonempty closed convex subset of
a uniformly convex Banach space and T;,5,vj=12,.., k be
two families of total asymptotically nonexpansive self-maps of
B. If M accomplishes Opial s condition and the maps I —

T; and I — S,vj=12,.., k are demi-closed to zero, therefore,
(ay,) be as shown in step (1) is weak convergence to a common
fixed point oij Sp V=1, 2,.., k.

Corollary (2.12): Let B be a nonempty closed convex subset of
a Banach space and T;,S8,j=12,.., k be two families of
asymptotically quasi-nonexpansive self-maps of B. Presume that
F(Tj,Sj) # @ and Y57, f < co.Presume that (a,) be as shown
in step (1) is strong convergence to a common fixed point of

Tj and S; iff%i_r){)lo inf d(a,, F) =0, whered(a,F) =
inforerlla —a|l.

Corollary (2.13): Let B be a nonempty closed convex subset of
a uniformly convex Banach space and T; ,S]-, Vi=1,2,..,kbe
two families of Lipschitzain and asymptotically quasi-
nonexpansive self-maps of B. If the dual space M* of M has the
Kadec-klee property and the maps [ — T; and [ — §;,Vj =

1,2, ..., k are demi-closed to zero, therefore, (a,) be as shown in
step (1) is weak convergence to a common fixed point of

T; and S;.

Corollary (2.14): Let B be a nonempty closed convex subset of
a uniformly convex Banach space and T;,8,vj=12,.., k be
two families of Lipschitzain and asymptotically quasi-
nonexpansive selfmaps of B. If M accomplishes Opial s
condition and the maps I — T; and I — S, vj=12,.., k are
demi-closed to zero, therefore, (a,) be as shown in step (1) is
weak convergenve to a common fixed point of 7j and S;, Vj =
1,2,.., k.

3. Numerical Example

We illustrate our results by the following
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Example (3.1): Let T, S;:R - R,Vj =1,2, ...,k be two maps

2 46
such that Tia = 2% and S;a = —fl,v a € R. Choose a;j, =
3J J 2] jn

n

2t V n with initial value a; = 15. Let (a,,) be the sequence.

According to Table 1 and Figure 1, it eases to sight that
(a,) converges to the fixed point a* = 0.

Table 1: Numerical results corresponding to a; = 15 for 36 steps.

n Iteration (1) n Iteration (1)
1 15.0000 13 0.0184
2 9.4401 14 0.0102
3 5.6594 15 0.0056
4 3.3084 16 0.0031
5 1.9044 17 0.0017
6 1.0849 18 0.0009
7 0.6134 19 0.0005
8 0.3448 20 0.0003
9 0.1930 21 0.0002
10 0.1076 22 0.0001
11 0.0599 23 0.0000
12 0.0332 24 0.0000
10
ol
gl
2L
5]
s 6f
-
@
S s
£
g 4T
al
Pt
1
() S S e S S S o S S e S S S S S R S R
0 5 10 15 20 25 3o 3s 40

iteration{n)
Figure. 1. Convergence behavior corresponding to a; = 15 for 36 steps.

4. Conclusion

We study the strongly and weakly convergence of new type of
finite-step iteration processes under total asymptotically quasi-
nonexpansive maps, see Theorems (2.4)-(2.6). Our results are
generalizing and unifying the results of others who have been
referred to in the references.

5. Open Problem

Recently, S.S. Abed has been defined as the following type of
generalizations of total asymptotically quasi-nonexpansive[16]:
Let A be a subset of real Banach space a set-valued map G: A
— 24 is called the general asymptotic set-valued if for each x €
A there exists null non- negative real sequences {a,} and {bn}
such that

O(G"x,6"y) < |lx = wll + ay u(llx —wl)) + by ()

WWwWw.astesj.com

foranyy € A ,w € G"y and u: Rt - R* withu(0) = 0.

One can study convergence theorems in (1) and in [17, theorem
(11)] for families of general asymptotic set-valued maps. As
well as possible to demonstrate new results in the case of other
spaces as a modular space [18].
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