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 Robotic arms or industrial robots are a machinery that is widely used in the medical and 
military industries because it is a flexible, highly accurate and reliable. It is very necessary 
to work in complex tasks requiring more accuracy than humans can work. This paper 
presents an estimate of the standard uncertainty of 6 DOF robotic arm, KUKA KR5 ARC 
robot, and describes the experimental setup of a laser tracker to measure the position of 
the reflector mirror installed on a robot end-effector. This research describes the method 
of testing and experimenting to calculate the errors of each joint by using the inverse 
kinematic model, calculating the actual angle of their joint in comparing it with a nominal 
joint angle. The Jacobian matrix was applied to calculate the robotic position error. The 
calculation of uncertainties of each joint was conducted by using the Jacobian matrix to 
calculate the uncertainty in the robot and the four points testing were designed for 
estimating the error value and uncertainty value. The results showed that the error and 
uncertainty of each test point were within the range of the average error and the average 
uncertainty of the robot specification. The position errors and the position uncertainties of 
all test points within the robotic moving space were calculated and estimated by the 
proposed method and model. Therefore, the position error tolerance of each required 
moving target point must be smaller than the position errors and the position uncertainties 
that are estimated from this proposed model. These estimated robot linear position end 
effector uncertainties were used to compare and adjust the robotic path based on the 
required robotic position target and tolerance control. 
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1. Introduction   

In the modern manufacturing industry, technology is applied, 
whether it is software or hardware or a combination of the both. 
The 6 degrees of freedom (DOF) robotic arm is one of the most 
sought-after combination machinery, as is designed to be flexible 
for mimicking human arm functions. This is consisting of arm 
parts and automation control parts that are accurate and precise. 
However, it is like a common machine. When used for a long time 
or used in improper conditions, it will result in deterioration. As a 
result, lower accuracy does not meet the specified features, and 
also result in a loss of reliability. From such problems, the 
researchers created the idea of estimating random errors and 
standard uncertainty of the 6 DOF robot, which researchers have 
determined that the joints are the most moving parts. As a result, 
this is the source of the most common errors. This research 
develops the principles of calculating random error and uncertainty 
that occurs with every joint and robot. 

In this research, there are two objectives: 1) Estimate the 
random error of each joint and estimate the robotic error. and 2) 
Estimate the uncertainty of each joint and estimate the robotic 
uncertainty. When the experiment was set up, the laser tracker was 
applied to measure the position of the reflector installed at the end-
effector. This paper is an extension of work originally presented in 
2020 IEEE 7th International Conference on Industrial Engineering 
and Applications (ICIEA) [1]. 

Over the years, many researches has been conducted in 
analyzing the kinematic and kinematic errors of robotic arms and 
other machines, such as: a study of kinematics model of Staubli 
RX 90 robot 6 DOF robotic arm and position of robot control was 
calculated and tested by writing the English Alphabet [2]. Focus 
on machine tool random errors in a 3D workspace and offered new 
models that help predict product tolerances caused by uncertainties 
of a machine tool [3]. The new approach with a 2D manifold that 
reduces the dimensionality of the workspace to improve the 
efficiency of error compensation for robotic machining [4]. The 
photogrammetry-based measurement to compensate the 
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machining errors from parts and validated results [5]. A proposal 
for a guideline for a 3D-Piezo compensation mechanism unit that 
could quickly and accurately adjusted the spindle position to 
optimize robotic machining [6]. The evaluate the deviations for 
calculating the efficient robotic trajectory from aligned optically 
scanned point clouds [7] and the analysis of positioning accuracy 
and the kinematic parameters of robotic end-effector influenced by 
both internal and external temperature factors [8]. In addition, a 
study was proposed on improving the performance of the SEIKO 
D-TRAN RT3200 robot by studying the repeat control [9]. 
Improvement in the performance of robotic arms to have higher 
accuracy. Analyzed the positioning error value and then 
compensate for it [10]. Mathematical modeling to analyze the 
geometric errors of joint assembly affecting the end-effector of the 
6 DOF robot was the one importance factor for robot accuracy 
[11]. Calibration and determination of the measurement 
uncertainty of robotic arms is an important issue in the confidence 
of the robot. There have been several research essays that discuss 
the principle of the measurement uncertainty such as: The 
kinematic error model presented by classifying the source of the 
error value by designing calibration methods compared to 
conventional calibration [12]. Applied laser interferometer to 
measure roundness [13]. Proposed the application of laser 
interferometer for calibration grade 2 gauge blocks and applied it 
for warhead roundness measurement [14-15]. Calibrated 6 DOF 
robotic arm using the Circle point analysis (CPA) method to 
configure a circle to measure and use the Monte Carlo method to 
find out the measurement uncertainty [16] and used a new method 
to calibrate the end-effector of 6 DOF robotic arm [17]. As 
mentioned above, in this research, there are the action plan is as 
follows: 1) Preparation of equipment and tools, 2) Learnt the 
involved methods and theories such as principle of the 
measurement method, kinematics model and the measurement 
uncertainties 3) experimental design and testing 4) result and 
conclusion. 

2. Materials and Methods 

2.1. Robotic arm  

  Robotic arms are machines that are developed for many 
characteristics, but at the same time are precise and accurate. This 
research presents an estimate of the standard uncertainty of 6 DOF 
robotic arm, focusing on welding robotic arms. The robotic arm 
used in this research is the KUKA KR5 ARC as shown in Figure 
1 and D-H parameters and joints limit as shown in Table 1. 

Table 1: KUKA KR5 ARC D-H parameters  

Link (n) 
Link 
twist 
(αn-1) 

Link 
length 
(an-1) 

Link 
offsets 

(dn) 

Joint 
angles 

(θn) 
1 180˚ 0 -400 θ1 
2 90˚ 180 0 θ2 
3 0˚ 600 0 θ3-90º 
4 90˚ 120 -620 θ4 
5 -90˚ 0 0 θ5 
6 90˚ 0 -115 θ6 
7 180˚ 0 0 180º 

 

 
Figure 1: KUKA KR5 ARC robot 

2.2.  Laser Tracker 

Laser tracker is a 3D measurement device, which is a standard 
metrology in precision, accuracy and reliability. This research uses 
the FARO laser tracker ION model as shown in Figure 2 to 
measure the position of the laser reflector installed at the end-
effector. 

 
Figure 2: FARO laser tracker ION model 

2.3. Kinematic model 

Kinematics describes the movement of object points and 
systems of bodies (groups of objects), regardless of the force that 
causes movement. Kinematics is a major part of mechanics which 
is often referred to as the "geometry of movement”. The kinetic 
problem begins by explaining the system's geometry and 
declaring the initial conditions of the value, position, speed and/or 
acceleration within the known system. From a geometric point of 
view, it can locate the speed and acceleration of any unknown part 
of a system [18]. 

Robotic kinetics relies on differentials to describe the 
relationship between joints and links from the base to the end-
effectors. The frame attached to the robotic joints is serialized like 
a chain. The relationship of one frame versus another frame from 
the bottom up will result in a conversion equation. This is the 
relationship of the base frame against the tool frame [19]. 

2.3.1. Forward kinematic 

Forward kinematics are the mathematical model to compute 
the coordinates and directions (homogeneous conversion form) of 
robot end-effector positions relative to the function of the robot 
angles of each joints. This paper followed Denavit and Hartenberg 
(D-H) by choosing the reference frames in a robotic application 
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that Jacques Denavit and Richard S. Hartenberg proposed. In this 
convention, the coordinate frame is attached to the joints between 
the two links so that one conversion involves joint [Z] and the 
second frame is linked to the link [X], converting coordinates with 
serial robots that contain n links to the robot's equation format. D-
H convention determines each conversion An with a multiple of 
fundamental conversions, respectively. The transformation matrix 
can be written as follows: 

𝑇𝑇𝑛𝑛−1
𝑛𝑛 = 𝐴𝐴𝑛𝑛 

= �

𝐶𝐶𝜃𝜃𝑛𝑛 −𝑆𝑆𝜃𝜃𝑛𝑛 0 𝑎𝑎n-1
𝑆𝑆𝜃𝜃𝑛𝑛𝐶𝐶𝛼𝛼𝑛𝑛−1 𝐶𝐶𝜃𝜃𝑛𝑛𝐶𝐶𝛼𝛼𝑛𝑛−1 −𝑆𝑆𝛼𝛼𝑛𝑛−1 −𝑑𝑑𝑛𝑛𝑆𝑆𝛼𝛼𝑛𝑛−1
𝑆𝑆𝜃𝜃𝑛𝑛𝑆𝑆𝛼𝛼𝑛𝑛−1 𝐶𝐶𝜃𝜃𝑛𝑛𝑆𝑆𝛼𝛼𝑛𝑛−1 𝐶𝐶𝛼𝛼𝑛𝑛−1 𝑑𝑑𝑛𝑛𝐶𝐶𝛼𝛼𝑛𝑛−1

0 0 0 1

�     (1) 

where, An is the homogeneous matrix that describes the movement 
of the frame of each contiguous joint (n-1 and n). θn is the joint 
angle of the ith joint, dn is the link offset of the ith joint, an is the 
link length of the ith joint, and αn is link twist of the ith joint. Sθn 
= Sn = sin(θn), Sαn = sin(αn), Cθn = Cn = cos(θn) and Cαn = cos(αn). 

The parameters were replaced in Table 1 in (1), and 
multiplied all the matrixes in order. It is the last matrix that shows 
the position and direction of the end-effector compared to the base 
can be displayed as follows: 

𝑇𝑇07 = 𝐴𝐴1𝐴𝐴2𝐴𝐴3𝐴𝐴4𝐴𝐴5𝐴𝐴6𝐴𝐴7 

       = �

𝑛𝑛𝑥𝑥 𝑜𝑜𝑥𝑥 𝑎𝑎𝑥𝑥 𝑃𝑃𝑥𝑥
𝑛𝑛𝑦𝑦 𝑜𝑜𝑦𝑦 𝑎𝑎𝑦𝑦 𝑃𝑃𝑦𝑦
𝑛𝑛𝑧𝑧 𝑜𝑜𝑧𝑧 𝑎𝑎𝑧𝑧 𝑃𝑃𝑧𝑧
0 0 0 1

�                 (2) 

In this research, the linear position of end-effector is 
determined, which shows the position in the coordinates x, y, and 
z, as shown in (3). 

Px = C1[a1 + a2C2 + S23(a3 + d6C4S5) – C23(d4 + d6C5)] 
                + d6S1S4S5  

   Py = –S1[a1 + a2C2 + S23(a3  + d6C4S5) – C23(d4 + d6C5)] 

                + d6C1S4S5 

Pz = –d1 – a2S2 + C23(a3 + d6C4S5) + S23(d4 + d6C5)        (3) 

2.3.2. Inverse kinematic 

In the previous section, the robot forward kinematics are the 
mathematical equations, used to calculate the position and 
direction of the end-effector frame compared with base frame 
when the variables joints (q0, q1, q2,…, qn) are known. On the 
other hand, to know the variable joints (q0, q1, q2,…, qn), when 
determining the homogeneous matrix at the end-effector frame 
compared to the base frame ( 𝑇𝑇0𝑛𝑛 ), the resulting relationship is 
called inverse kinematics. 

For general cases in robotics, the inverse kinematics 
calculation of the robot is more complex than the forward 
kinematics problems because the results can occur in 3 different 
ways consisting of no solution, unique solution, and many 
solutions. 

2.3.3. Jacobian matrix 

The Jacobian matrix is a matrix that shows the relationship 
between the error of the end-effector and the 6 joints error of the 
robot. The Jacobian matrix can be found in the analysis of the 
forward kinematic, as shown in (4). 

  dX = Jdθi   (4) 

where, dθi are the angle errors of 6 axis (i=1, 2, 3,…,6). 
 J is Jacobian matrix. 

Jacobian's pattern is in the form of a 6 x6  matrix, which is 
based on (5): 

J6×6  = [J1 J2 J3 J4 J5 J6] 

𝐽𝐽 =

⎣
⎢
⎢
⎢
⎢
⎡
𝐽𝐽11 𝐽𝐽12 𝐽𝐽13
𝐽𝐽21 𝐽𝐽22 𝐽𝐽23
𝐽𝐽31
𝐽𝐽41
𝐽𝐽51
𝐽𝐽61

𝐽𝐽32
𝐽𝐽42
𝐽𝐽52
𝐽𝐽62

𝐽𝐽33
𝐽𝐽43
𝐽𝐽53
𝐽𝐽63

    

𝐽𝐽14 𝐽𝐽15 𝐽𝐽16
𝐽𝐽24 𝐽𝐽25 𝐽𝐽26
𝐽𝐽34
𝐽𝐽44
𝐽𝐽54
𝐽𝐽64

𝐽𝐽35
𝐽𝐽45
𝐽𝐽55
𝐽𝐽65

𝐽𝐽36
𝐽𝐽46
𝐽𝐽56
𝐽𝐽66⎦
⎥
⎥
⎥
⎥
⎤

   (5) 

The six joints of the robot are all revolute (R). Therefore, the 
Jacobian matrix can be calculated as follows: 

𝐽𝐽 = �𝑧𝑧𝑖𝑖−1 × (𝑜𝑜𝑛𝑛 − 𝑜𝑜𝑖𝑖−1)
𝑧𝑧𝑖𝑖−1

�                (6) 

where,  zi-1 is the value of the top 3 elements in column 3 of the 
matrix  𝑇𝑇 0

𝑖𝑖  
oi is the value of the top 3 elements in column 4 of the 

matrix 𝑇𝑇 0
𝑖𝑖  

When a robot moves, the linear position error for x, y and z 
direction of the end-effector, can be written in a partial derivative 
of equation 3 relative to the angle in each of the changing joints. 
The Jacobian components that are affected by the x, y and z linear 
position of end-effector in Jacobian matrix as follows: 

J11 = – S1 [a1 + a2C2 + S23(a3 + d6C4S5) – C23(d4 + d6C5)]     
         +d6C1S4S5 
J12 = C1[C23(a3 + d6C4S5) + S2(d4 + d6C5) – a2S2] 
J13 = C1[C23(a3 + d6C4S5) + S23(d4 +d6C5)] 
J14 = d6S5(C1S23S4 + S1C4) 
J15 = d6(C1S23C4C5 + C1C23S5 + S1S4C5) 
J16 = 0 
J21 = –C1[a1 + a2C2 + S23(a3 + d6C4S5) – C23(d4 + d6C5)]   
         – d6S1S4S5 
J22 = S1[a2S2 – C23(a3 + d6C4S5) – S23(d4 + d6C5)] 
J23 = S1[–C23(a3 + d6C4S5) – S23(d4 + d6C5)] 
J24 = d6S5(S1S23S4 + C1C4) 
J25 = –d6(S1S23C4C5 + S1C23S5 – C1S4C5) 
J26 = 0 
J31 = 0 
J32 = – [S23(a3 + d6C4S5) – C23(d4 + d6C5) + a2S2] 
J33 = –S23(a3 + d6C4S5) + C23(d4 + d6C5) 
J34 = –d6C23S4S5 
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J35 = –d6(S23S5 – C23C4C5) 
J36 = 0 

2.4. Principle of measurement the random error of individual 
robotic joints method 

In this research, the principle of the proposed measurement 
method measures the positions the end-effector in 3 dimensions 
system (x, y, z) that is affected from the rotation of a joint when 
the others are locked. Figure 3 shows an example of the 
measurement principle of joint 2. After the measurement system 
setup, the program instructs the end-effector to move to the 
specified position (P1, P2, P3,..., Pn). The laser tracker measures 
the position according to the specified cycle, the identification of 
rotation plane and rotation center are shown in section 2.4.1 and 
2.4.2.     

 
Figure 3: Basic principle of the measurement method for J2                                 

random joint error setting 

Identifying a rotating plane of the robotic arm joints aims to 
create a circular arc from the rotation of the joints measured in the 
Cartesian area. This arc has a measurement points m. The rotation 
plane in the Cartesian space can be calculated as follows: 

z = Ex + Fy + G                   (7) 

The previous equation is where x, y and z are coordinates points 
in the rotation plane.  E, F and G are the rotation plane 
coefficients.  

In the rotation plane, the adjustment of the measurement 
point (xi, yi, zi) when k=1, ..., m is derived from the minimization 
problem as follows: 

𝐽𝐽𝑧𝑧 = ∑ (𝑧𝑧 − 𝑧𝑧𝑘𝑘)2𝑚𝑚
𝑘𝑘=1                              (8) 

2.4.2. Identification of rotation center 

In theory, the trajectory of the m point in the arc of the circle 
of a rigid body, this circle plane is perpendicular to the fixed axis. 
However, in the practice, there are some factors such as vibration 
during rotation and the non-standard assembly etc. So, that result 
in the trajectory of the m points may not be completely circular 
and assume that the theoretical circular and circle trajectory have 
very few deviations, thereby, a circle equation from the equation 
(9) is used to fit these points. So, the rotation plane of robotic arm 
joints can be calculated. Using the least square method was done 

in order to identify the circle on the circle plane. A standard form 
of a circle equation is as follows: 

(x – xc)2 + (y – yc)2 = r2                             (9) 

The previous equation is where (xc, yc) is the rotation center. r is 
the radius of the circle. From (3) can be rewritten as follow: 

w = x2 + y2 = Ax + By + C                        (10) 

The previous equation is where A, B and C are the coefficients of 
the circle center in 3D system. Then, there are the sets of measured 
(xi, yi, zi) when i=1, 2, 3, …, m is derived from the minimization 
problem as follows: 

𝐽𝐽𝑤𝑤 = ∑ (𝑤𝑤 −𝑤𝑤𝑘𝑘)2𝑚𝑚
𝑘𝑘=1                              (11) 

2.4.3. Experiment setup 

This system consists of 3 important parts: 1) robotic arm. 2) 
laser tracker. and 3) installation of the reflector at the end 
effector as shown in Figure 4. 

 

Figure 4: The 6 DOF KUKA KR5 ARC robot experimental setup 

• Assign the end-effector move to the first position P1. 
• Unmeasured joints are locked from moving. After that 

measured the points P1, P2, P3, …, Pn are fitted with a plane 
in the Cartesian space.  

• On the determined plane, specifies the points on the arc of the 
circle P1, P2, P3, …, Pn and determines the center of the circle 
O. 

• Measured 30 times repeat for every points m. 

2.5. Evaluation for Measurement Accuracy 

 In a high-accuracy and high-precision measurement system 
to increase measurement and reliable confidence levels, 
measurement accuracy is required to increase the confidence and 
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reliability of the measurement. Therefore, measurement accuracy 
assessment is required. This evaluation compares the deviation 
(errors) between frame {Ei} and frame {Ei'} where, frame {Ei} is 
calculated by the proposed method and frame {Ei'} is calculated 
by forward kinematic of robotic arm.  

2.5.1. Joint errors 

Joints errors are due to repeatability of measurement and can 
be calculated as the difference between actual (measurement) and 
nominal angle. The position of end-effector is converted to the 
angle of each joint with inverse kinematics. The actual angle as 
shown in (12-17):  

𝜃𝜃1 = 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴2(−𝑛𝑛�𝑦𝑦,𝑛𝑛�𝑥𝑥) or 𝜃𝜃1 = 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴2(𝑛𝑛�𝑦𝑦,−𝑛𝑛�𝑥𝑥)         (12) 
     𝜃𝜃2 = 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴2(𝑎𝑎𝑎𝑎 − 𝑏𝑏𝑏𝑏, 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏)       
or 𝜃𝜃2 = 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴2(−𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏,−𝑎𝑎𝑎𝑎 − 𝑏𝑏𝑏𝑏)                            (13) 

 𝜃𝜃3 = 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴2(𝑑𝑑, 𝑐𝑐) + 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴2�±√𝑐𝑐2 + 𝑑𝑑2 − 𝑒𝑒2, 𝑒𝑒�      (14) 

𝜃𝜃4 = 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴2(𝑎𝑎, 𝑏𝑏) or 𝜃𝜃4 = 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴2(𝑎𝑎, 𝑏𝑏) + 𝑎𝑎1 (15) 
𝜃𝜃5 = 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴2�±√𝑎𝑎2 + 𝑏𝑏2, 𝑐𝑐�         (16) 
𝜃𝜃6 = 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴2(𝑎𝑎, 𝑏𝑏) + 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴2�±√𝑎𝑎2 + 𝑏𝑏2 − 𝑐𝑐2, 𝑒𝑒�       (17) 

for θ2. 𝑎𝑎 = −𝑑𝑑1 + 𝑑𝑑6𝑛𝑛�𝑧𝑧, 𝑏𝑏 = −�𝑎𝑎1 + 𝑑𝑑6𝑛𝑛�𝑥𝑥𝐶𝐶1 − 𝑑𝑑6𝑛𝑛�𝑦𝑦𝑆𝑆1�, 𝑐𝑐 =
                −𝑑𝑑4𝐶𝐶3 + 𝑎𝑎3𝑆𝑆3 and 𝑑𝑑 = 𝑎𝑎3𝐶𝐶3 − 𝑑𝑑4𝑆𝑆3 + 𝑎𝑎2 
for θ3. 𝑐𝑐 = 2𝑎𝑎2𝑎𝑎3, 𝑑𝑑 = −2𝑎𝑎2𝑑𝑑4 and 𝑒𝑒 = 𝑎𝑎2 + 𝑏𝑏2 − (𝑎𝑎32 +
                𝑑𝑑42 + 𝑎𝑎22) 
for θ4 and θ5. 
 𝑎𝑎 = �𝑝𝑝𝑦𝑦𝐶𝐶1 + 𝑝𝑝𝑥𝑥𝑆𝑆1�/𝑑𝑑6, 𝑏𝑏 = �(𝑝𝑝𝑧𝑧 + 𝑑𝑑1)𝐶𝐶23 −
               (𝑎𝑎2 + 𝑎𝑎3)𝑆𝑆23 − 𝑎𝑎3 + (𝑝𝑝𝑦𝑦(𝐶𝐶123 − 𝐶𝐶1−2−3))/2 +

               �𝑝𝑝𝑥𝑥(𝑆𝑆123 − 𝑆𝑆1−2−3)�/2� /𝑑𝑑6 

 and �𝑐𝑐 = (𝑝𝑝𝑧𝑧 + 𝑑𝑑1)𝑆𝑆23 − 𝑎𝑎1𝐶𝐶23 − 𝑎𝑎2𝐶𝐶3 + �𝑝𝑝𝑦𝑦(𝑆𝑆123 −

                𝑆𝑆1−2−3)� /2 + �𝑝𝑝𝑥𝑥(𝐶𝐶123 − 𝐶𝐶1−2−3)�/2 − 𝑑𝑑4� /𝑑𝑑6 
for θ6. 𝑎𝑎 = 𝐶𝐶4, 𝑏𝑏 = 𝐶𝐶5𝑆𝑆4  and 𝑐𝑐 = 𝑜𝑜𝑦𝑦𝐶𝐶1+𝑜𝑜𝑦𝑦𝑦𝑦𝑆𝑆1 

Therefore, the joint errors can be calculated as follow: 

𝑑𝑑𝜃𝜃𝑖𝑖 = 1
𝑔𝑔
∑ (𝜃𝜃𝑖𝑖𝑖𝑖 − 𝜃𝜃𝑖𝑖𝑖𝑖) 𝑔𝑔
𝑘𝑘=1                 (18) 

where, θin are the nominal angle. 
  θia are the actual (measurement) angle. 
  g is number of measurement points. 
  i are the robotic joints (i=1, 2, 3, …, 6). 

2.5.2. Position errors 

In this research, the linear position error for x, y and z 
direction of the end-effector (dx, dy, dz) are determined. 
Therefore, the position errors in the x, y and z axes at the end-
effector as shown in (19-21) respectively. 

dx = J11d𝜃𝜃1 + J12dθ2 + J13d𝜃𝜃3 + J14d𝜃𝜃4 + J15d𝜃𝜃5 + J16d𝜃𝜃6  (19) 
dy = J21d𝜃𝜃1 + J22dθ2 + J23d𝜃𝜃3 + J24d𝜃𝜃4 + J25d𝜃𝜃5 + J26d𝜃𝜃6  (20) 
dz = J31d𝜃𝜃1 + J32dθ2 + J33d𝜃𝜃3 + J34d𝜃𝜃4 + J35d𝜃𝜃5 + J36d𝜃𝜃6  (21) 

From that (19-21) can calculate the total error at the end-
effector as follows: 

𝑒𝑒𝑡𝑡 = �𝑑𝑑𝑥𝑥2 + 𝑑𝑑𝑦𝑦2 + 𝑑𝑑𝑧𝑧2   (22) 

2.6. Measurement uncertainty 

In metrology, measurement uncertainty is an expression of 
statistical distribution of values caused by measured quantities. 
Therefore, measurement uncertainty is used in combination with 
the measurement results to reflect the actual value of the 
measurement quantity. Especially, when the measurement results 
are applied to various quality criteria, the results must be applied 
to the quality criteria. According to international agreements, this 
uncertainty is based on probability and shows the incomplete of 
the quantity and it is a non-negative parameter.  

Multiple repetitive measurements and calculating standard 
deviations from re-measuring are among the most common 
practices in estimating measurement uncertainty. Whether it is a 
full or partial measurement, it can be repeated. The estimation of 
the uncertainty received is a standard deviation of the repetitive 
measurement results, which is a statistical process. It is called type 
A uncertainty. The type B uncertainty is estimated from other 
deviation source such as material certificates, specifications, and 
long-term experience-based assessments [20]. 

The Expression of Uncertainty and Confidence in 
Measurement, M3003 [21] and Fundamental Parameter and 
Application describes how to calculate standard uncertainty. 

2.6.1. Type A uncertainty 

Type A uncertainty is estimated using statistical principles. 
By performing measurements, conditions are subject to repeated 
measurement conditions to see the original iteration or view the 
distribution of the measured average. The arithmetic mean, or 
average, of the results should be calculated. If there are n 
independent repeated values for a quantity Q then the mean value 
𝑞𝑞� is given by: 

𝑞𝑞� = 1
𝑛𝑛
∑ 𝑞𝑞𝑖𝑖𝑛𝑛
𝑖𝑖=1 = 𝑞𝑞1+𝑞𝑞2+...+𝑞𝑞𝑛𝑛

𝑛𝑛
   (23) 

Then the estimated fragmentation of data is calculated from the 
standard deviation of the n values can compute as follows: 

𝜎𝜎 = �1
𝑛𝑛
∑ �𝑞𝑞𝑗𝑗 − 𝑞𝑞��2𝑛𝑛
𝑗𝑗=1            (24) 

Equation (24) gives the standard deviation for sampling from all 
populations. However, based on the results of a single 
measurement sample, approximate, s(qj), can be made from the 
standard deviation σ of the entire population of possible values 
from the relation: 

𝑠𝑠�𝑞𝑞𝑗𝑗� = � 1
𝑛𝑛−1

∑ �𝑞𝑞𝑗𝑗 − 𝑞𝑞��2𝑛𝑛
𝑗𝑗=1              (25) 

The average q will be derived from the exact sample number of n 
and, therefore, its value will not be the exact average if the infinite 
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sample number is taken. This uncertainty is called the standard 
deviation of the mean that can compute as follow: 

𝑠𝑠(𝑞𝑞�) =
𝑠𝑠�𝑞𝑞𝑗𝑗�

√𝑛𝑛
              (26) 

2.6.2. Type B uncertainty 

Estimating type B uncertainty is the other way around. In 
other words, it uses information from various sources that are 
academically reliable to consider the assessment. The error 
element from a source called the systematic error is valued as a 
type B uncertainty. Therefore, estimating the type B uncertainty 
requires a lot of knowledge of measurement techniques. In order 
to be able to identify a source of uncertainty, much of the 
systematic error is complete. The estimation of uncertainty needs 
to consider the source of uncertainty values as follows:    
• Deviation Instability compared to the reference standard 

stipulated in the reported calibration uncertainty. 
• Calibration of measuring instruments includes accessories 

and any drift or instability in measuring instruments or 
readings. 

• Resolution and uncertainty during measurement. 
• The operational procedure. 
• Mistakes caused by the operator. 
• The effects from environment. 

2.6.3. Combined uncertainty 

The type A and B uncertainty values are part of the overall 
measurement uncertainty value, which can be calculated for the 
combined standard uncertainty as shown in (27): 

𝑢𝑢𝑐𝑐(𝑦𝑦) = �∑ 𝑐𝑐𝑖𝑖2𝑁𝑁
𝑖𝑖=1 𝑢𝑢2(𝑥𝑥𝑖𝑖) ≡ �∑ 𝑢𝑢𝑖𝑖2(𝑦𝑦)𝑁𝑁

𝑖𝑖=1           (27) 

where uc(y) is the combined uncertainty, ci is the sensitivity 
coefficient and u(xi) is the standard uncertainty. 

2.6.4. Expanded uncertainty 

The combined uncertainty that is approximated is considered 
to have a certain level of confidence which is not suitable enough 
for laboratory use. Therefore, it is necessary to multiply combined 
uncertainty with coverage factor k. The expanded uncertainty as 
follows: 

U = k.uc(y)                   (28) 

2.6.5. Robot uncertainty 

In this research, the uncertainties position errors for x, y and 
z direction of the end-effector (Ux, Uy and Uz)  are determined. 
Therefore, the uncertainties position errors in the x, y and z axes 
at the end-effector (Ux, Uy and Uz) as the function of joint 
uncertainty (U1, U2, U3, U4, U5 and U6) are shown in (29-31) 
respectively.  

Ux = J11U1 + J12U2 + J13U3 + J14U4 + J15U5 + J16U6      (29) 
Uy = J21U1 + J22U2 + J23U3 + J24U4 + J25U5 + J26U6     (30) 
Uz = J31U1 + J32U2 + J33U3 + J34U4 + J35U5 + J36U6     (31) 

From that (29-31), it can calculate the total uncertainty at the 
end-effector as follows: 

𝑈𝑈𝑡𝑡 = �𝑈𝑈𝑥𝑥2 + 𝑈𝑈𝑦𝑦2 + 𝑈𝑈𝑧𝑧2  (32) 

3. Results 

The research focuses on the study estimating the standard 
uncertainty of 6 DOF KUKA KR5 ARC robot, considering the 3 
key parts of which parameter values used in calculations derived 
from the experiment as shown in section 3.1-3.2 consist of robotic 
errors and robotic uncertainties. 

3.1. Robotic error 

The errors of the robot in this research are divided into two 
parts: joint errors and position errors. 

3.1.1. Average Joint errors 

Based on the experiments measuring data from section 2 .4 , 
the average joint errors are calculated according to (18).  

 Joint 1 average error (d𝜃𝜃1) equals 0.101º. 
 Joint 2 average error (d𝜃𝜃2) equals –0.287º. 
 Joint 3 average error (d𝜃𝜃3) equals 0.070º. 
 Joint 4 average error (d𝜃𝜃4) equals –0.097º. 
 Joint 5 average error (d𝜃𝜃5) equals 0.026º. 
 Joint 6 average error (d𝜃𝜃6) equals 0.140º. 

3.1.2. Average Position errors 

When average joint errors are known, the average position 
errors at the end-effector in x, y and z axis can be calculated 
according to (19-21). 

Average Position error in x axis (dx) equals –0.357 mm. 
Average Position error in y axis (dy) equals –0.303 mm. 
Average Position error in z axis (dz) equals 0.383 mm. 

So, instead of position errors at the end-effector in x, y and z 
axis in (21), the average robot error (et) is equal to 0.605 mm. 

3.2. Robotic uncertainty 

The uncertainties of the robot in this research are divided into 
two parts: joint uncertainties and position uncertainties. 

 
Figure 5: Basic principle of the measurement method and sources of uncertainty 

3.2.1. Joint uncertainties 

The research is based on the principle of the measurement 
method and then calculates the average position errors and the 
standard deviations of position errors of the robotic joints. These 
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errors show the accuracy, and the standard deviations show the 
precision of the joints. After that, these values are used to 
determine the type A standard of joints 1 to 6 of the robot.  

Figure 5 shows the basic principle of the measurement 
method and the sources of uncertainty. In this research, the 
sources of uncertainty consist of five sources, that uncertainties 
are type A uncertainty (iUA) and four sources of type B uncertainty 
(iUBj): 

where, iUA are the uncertainty from repeatability. 
iUB1 are the uncertainty from resolution of the robot. 

 iUB2 are the uncertainty from resolution of laser tracker. 
iUB3 are the uncertainty from accuracy of laser tracker. 
iUB4 are the uncertainty from thermal effect at the 

reflector fixture. 
i are the robotic arm joints. 
j are the number of the sources of uncertainty.  

Table 2 provides a preview of the sources of the uncertainty 
and the calculation of the total uncertainty of the 1st joint. The 
uncertainty of each joint are as follows: 

The uncertainty of joint 1 (U1) equal ±0.204º. 
The uncertainty of joint 2 (U2) equal ±0.149º. 
The uncertainty of joint 3 (U3) equal ±0.076º. 
The uncertainty of joint 4 (U4) equal ±0.126º. 
The uncertainty of joint 5 (U5) equal ±0.140º. 
The uncertainty of joint 6 (U6) equal ±0.115º. 

3.2.2. Position uncertainties (Robot uncertainty) 

When the uncertainties of each joint are known. The 
uncertainties in x, y and z axis at the end-effector can be calculated 
according to (29-31), the results as the follow: 

The uncertainty in x axis (Ux) equal ±0.225 mm. 

The uncertainty in y axis (Uy) equal ±0.613 mm. 
The uncertainty in z axis (Uz) equal ±0.366 mm. 

So, instead of position uncertainties at the end-effector in x, y 
and z axis in (32), the average robot uncertainty (Ut) is equal to 
±0.748 mm. 

The research results showed that the KUKA KR5 ARC robot 
used in the experiment had the average robot error which (et) is 
equal to 0.605 mm. and with the average robot uncertainty (Ut) is 
equal to ±0.748 mm. Then, examples of four test points (P1, P2, 
P3 and P4 )  are used to determine the estimated error and 
uncertainty in each joint from propose model. The position errors 
and position uncertainties at the end-effector in x, y and z axis can 
be calculated according to (19–21) and (29–31). The results of the 
estimated robot position errors and the position uncertainty are 
shown in the Table 3. 
4. Discussion 

Objective 1: Measure random errors of each joint and the 
robot end-effector linear random error in x, y and z direction and 
average error can be calculated. When comparing the robot error 
with the specified accuracy, the robot error was found to be 
slightly higher than the accuracy value. The results of the research 
process can be compensated in the control system, as it can reduce 
the error value.  

Objective 2: Estimate the uncertainty of each joint and 
estimate the robot uncertainty. The results show that the 
uncertainty of each joint at 95% confidence level was quite high 
and when calculating the average uncertainty of the robot it was 
quite high too. The high average uncertainty will result in a 
difference of the robotic error. The biggest uncertainty is the 
uncertainty from repeatability. It was between 86.21% and 
94.48%. This suggests that the uncertainty from repeatability has 
a significant effect on the total uncertainty, so it is appropriate to 
consider this factor. 

Table 2: The standard uncertainty of joint 1 

Type Value 
(degree) Distribution Divisor 

Uncertainty 
contribution ui 

(degree) 

Sensitivity 
coefficient ci 

Effective DOF 
Veff 

1UA 0.1019 Normal 1 0.1019 1 20 
1UB1 0.0019 Rectangular √3 0.0011 1 ∞ 
1UB2 0.0095 Rectangular √3 0.0055 1 ∞ 
1UB3 0.0035 Rectangular √3 0.0020 1 ∞ 
1UB4 0.0002 Rectangular √3 0.0001 1 ∞ 
1UC  -  0.0083  ∞ 
1Ur Normal k=2 0.2042 ∞ 

Table 3: The estimated position errors and uncertainties for the example of four test points 

Points 
Target position (mm) Position errors (mm) Position Uncertainties (mm) 

x y z dx dy dz et Ux Uy Uz Ut 

P1 125 125 125 – 0.033 – 0.012 0.445 0.447 ±0.164 ±0.163 ±0.177 ±0.291 

P2 225 225 225 – 0.118 0.182 0.414 0.467 ±0.164 ±0.163 ±0.177 ±0.291 

P3 225 25 225 – 0.125 – 0.077 0.465 0.488 ±0.159 ±0.161 ±0.185 ±0.292 

P4 25 25 25 – 0.050 – 0.093 0.199 0.225 ±0.168 ±0.159 ±0.178 ±0.292 
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Therefore, the results from Table 3, the position errors and 
the uncertainties of all test points within the robot moving space 
are calculated and estimated by the proposed method and model. 
Therefore, the position error tolerance of each required moving 
target point must be smaller than the position errors and the 
uncertainties that are estimated from this proposed model. 

5. Conclusions  

In this research, it describes the method of testing and 
experimenting to calculate the errors of each joint, and calculating 
the actual angle of their joint to compare with a nominal joint 
angle. The Jacobian matrix was applied to estimate the robot 
position error. The estimation of the uncertainties of each joint by 
using Jacobian matrix was done to estimate the robot position 
uncertainty. The research results showed that the KUKA KR5 
ARC robot used in the experiment average robot error (et) was 
equal to 0.605 mm. and with the average robot uncertainty (Ut) 
being equal to ±0.748 mm.       

The example of the four test points (P1 , P2, P3 and P4 ) 
determined the estimated error and uncertainty in each joint from 
proposed model. The position errors (et) was 0.447mm, 0.467 
mm, 0.488 mm and 0.225 mm respectively. The position 
uncertainty (Ut) was ±0.291 mm, ±0.291 mm, ±0.292 and ±0.292 
mm. The position errors and the uncertainties of all test points 
within robot space moving were calculated and estimated by the 
proposed method and model. Therefore, the position error 
tolerance of each required test point must be smaller than the 
position errors and the uncertainties that are estimated from this 
proposed model. 
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