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 In the present paper, a universal approach for determining the maximum flow problem in 
directed graph for solving different problems is applied. It can be considered as a heuristic 
and it can be used as a denomination for analyzing an arbitrary system with a mathematical 
description as a directed graph. The physical nature of the flows passing through the arcs 
of the system considered can be energy, information, transportation, or material. Then the 
studied system will be power, communication, transport, or manufacturing, respectively. In 
the present article five types of maximum flow problems are considered. Each of them is 
solved analytically by the universal heuristic method. The common between these problems 
is expressed in the fact that its behavior can be presented with the same mathematical model 
in the form of a directed graph including one initial (pending) vertex and one final (blocked) 
vertex, respectively. These vertexes are called either real (if they exist) or fictive (if they are 
introduced additionally) source and receiver depending on the topology of the associated 
directed graph’s model. The final solution obtained with this approach for Problem 1 is 
compared with the similar one found through Ford-Fulkerson’s, Edmonds-Karp’s and 
Dinic’s algorithms and it has been shown to be better than those determined by them. 
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1. Introduction  

The maximum flows problem in industrial systems (energy, 
information or material) can be modeled by graphs’ theory which 
adequately describe the topology of the studied system [1].  

Note: For simplicity of the present analysis, it will be used only 
the term flow, regardless of type of the studied system - power [2, 
3], information [4], communication [5, 6] or transportation [7]. 

Energy flows are optimized in power systems. In this sense, in 
[8] a review of the stochastic optimization methods, solving the 
optimal power flow problem. An application of the graphs’ theory 
for the energy flows optimization in electric networks is made in 
[9]. The transformation of the linear model (e. g. linear goal 
function and linear constraints as unequations) to the directed 
graph’s model is made there. Thus, the optimization procedure is 
expressed analyzing the resulting directed graph. 

The definition of the flows problem in information systems is 
made in [10]. In [11] a review of approaches modelling 
information flow for organizations is presented. A new graph 
theoretical concept for analyzing the information flows passing 

through the directed graph’s model, using guessing numbers is 
proposed in [12].  

In [13], the problem of optimization the information flows 
passing through the uncertain networks with a given constrained 
capacities of the arcs is considered. The solution bases on the two 
NP-hard subproblems. First, it calculates the expected information 
flow associated to a source vertex and next it makes an optimal 
choice of arcs.  

The flows optimization passing through the manifacturing 
systems is widely discussed issue.  One possible solution to this 
problem is given by the graph’s theory. For example, in [14] using 
the shortest path method for flows optimization in cellular 
manufacturing systems. In [15] an optimization for single-part 
flow-line configurations of reconfigurable manufacturing systems 
(RMS) is suggested. In [16] the other optimization approach of the 
flows in RMS systems is proposed. This approach also uses the 
graphs’ theory for modeling the considered system. In [17] third 
model for optimizing demand period cost (fixed plus operating) of 
RMS flow-line configurations, based also on graphs’ theory, is 
suggested. 

A wide range of problems arise in real-world networks such as 
Internet, local information networks, energy systems, etc., which 
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are modeled by directed graphs. In [18] a review of a range of 
theoretical primitives for generating a simple graph based on the 
given degree sequence is proposed. This is based on the graphs’ 
theory and the computer networks. Several problems for which 
efficient algorithms for determining the theoretical solutions are 
proposed. Since in practice the graphs’ models consists of tens of 
thousands of vertexes, approximation algorithms are particularly 
important. 

The present paper is organized as follows. In a Section 2 the 
directed graph’s model with one source – one recipient is defined, 
as well as the three necessary and sufficient conditions for 
performing its topological analysis. Five basic tasks arising in real 
systems, modeled with directed graphs, are also defined. In Section 
3 an universal algorithm for solving all these five problems is 
briefly described. Solutions of these five type of problems 
applying the universal algorithm is proposed in Section 4. The 
applicability of this algorithm is visualized in Section 5 on an 
illustrative example describing problem 1. In the same section, a 
comparison is made with the obtained solutions to the same 
illustrative example using traditional methods based on minimum-
cut the theorem, such as: Ford Fulkerson, Edmonds Carp and Dinic 
algorithms. The paper finishes with the conclusion remarks on the 
universality and advantages of the suggested algorithm. 

The novelty of the proposed method consists in its universal 
application in determining the maximum flow passed through a 
arbitrary directed graph, whose model contains one initial and one 
final nodes. It is applicable to analysis of different systems - 
information, power, manufacturing, etc. The algorithm can be used 
for solving the five types of problems, defined in the next section 

2. Problem statement 

The maximum flow problem passing through the arcs of an 
directed graph is defined in [1]. 

In order to refine the considered graph’s model, some basic 
concepts and initial hypotheses will be briefly introduced. 

Let’s consider a directed graph ,G V L=< > , with

{ }, 1,sV V s n= =   vertexes and { } { }, 1,k
ijL L L k m= = = s arcs. The 

latter is associated to the system’s channels. Let’s  
( ) ( , )ij i j i jf f V V f V V= → =  f     f  is the  flow passing through the arc 

ijL . The capacity of this arc is ijq  [4].  

A necessary and sufficient condition for determining the 
maximum flows passing through the arcs of the studied directed 
graph satisfies the following three assumptions.  

Assumption 1 

Balance condition: The sum of the incoming flows in a vertex 
iV  is equal to the respective sum of the outgoing ones, i.e. 

    
( ) ( ), , 0

( ); ( )
j s

i j s i
V V

j i s i

f V V f V V

V M V V M V− +

− =

∈ ∈

∑ ∑
. (1а) 

where: iV   is intermediate vertex for the considered directed 
graph; 

 ( )iM V+  and ( )iM V− are the sets of input and output 
vertexes for the vertex iV , respectively. 

Assumption 2 

Sequencing condition: The flow ijf
 passing through the arc 

ijL
 must not exceed its capacity ijq

., i.e. 

 ( , ) ; .i j ij ijf V V q L L≤ ∀ ∈     (1b) 

Assumption 3 

Invariability condition: In absolute value, the flow passing 
through the directed graph from the source vertex to the recepient 
vertex must be exactly equal to that in the opposite direction. 

 

( ) ( )

( ) ( )

, ,

( ); ( )

, ,

( ); ( )

j i

j i

src j i s
V V

j src i src

r j i rec
V V

j rec i rec

f V V f V V f

V M V V M V

f V V f V V f

V M V V M V

Σ

+ −

Σ

+ −

− =

∈ ∈

− = −

∈ ∈

∑ ∑

∑ ∑
, (1c) 

where fΣ   is the  flow passing through the directed graph. 

 
( ) ( ), , 0

( ); ( )
j i

src j i rec
V V

j src i rec

f f V V f V V

V M V V M V

Σ

+ −

= = =

∈ ∈

∑ ∑
. (2) 

The first condition can be violated if part of the flow is 
dissipated in a vertex of the graph. This can be observed in the 
energy transfer, when each vertex is a specific physical device that 
consumes electricity and at the same time can dissipate it in the 
form of heat. 

The second condition cannot be violated, since real systems 
are considered where it is physically impossible for a flow to pass 
through an arc that is greater than its capacity. 

In real energy systems there are transfer losses, conversion 
losses, etc. In this case moving in the both directions of the graph 
(from the source to the recipient and vice versa) these losses 
cannot be equal, but they are very close. 

Note:  Without a loss of generality it is assumed, that the 
directed graph’s model of the system has 1 source and 1 recipient 
vertexes. In general case, it can have multiple sources ( sN ) and 
multiple recipients ( rN ). Then the graph is transformed to a 
directed graph of the first type by adding fictive source srcV  and 
recipient recV vertexes, respectively  (Figure 1).  

L

fi,rec

V1,rec

...

,rN recV

rec
fsrc,j

...

V1,src

... ......

,SN srcV

src

 
Figure 1: Graph’s model with multiple sources ( )sN - multiple recipients ( )rN  
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In real systems depending on their parameters the following 5 
types of maximum flow  problems can be arised. In the first four 
of them the flow through the arcs ijf  is constant, and in the last 
one – it varies. 

Problem 1: The arcs’ capacities ijq  are known and the capacities 
of all graph’s vertexes are infinity, i.e. sP →∞ . 

Problem 2: The arcs’ capacities ijq  are known and limited in a 

given range min max
ij ij ijq q q≤ ≤ . 

Problem 3: The arcs’ capacities  ijq   and the capacities sP  of the 
graph’s vertexes sV V∈  are known.  

The Problems 1, 2 and 3 discuss the directed graph’s model 
with one source and one recipient. 

Problem 4: It consideres the directed graph with multiple sources

,{ }, 1,src l sV l N=  and multiple recipients ,{ }, 1,l rec rV l N= (Figure 
1). The arcs’ capacities  ijq  are known.  

Problem 5: The arc’s capacities ijq  of all the graph’s arcs ijL L∈  
are known, but the balance condition (1a) is violated.  

 ( ) ( ), ,in i j out i jf V V f V V>
 (3а) 

or 

 ( ) ( ), ,in i j out i jf V V f V V<
, (3b) 

where ( ),in i jf V V  and ( ),out i jf V V  are the input and the output 

flows, associated to the arc ,ij i jL V V= , respectively. 

For each of the above defined problem it obtains the maximum  
flow passing through the directed graph from the source to the 
recipient vertexes. 

The basic aim and the contribution of the author of this paper 
consists of the suggesting the universal general algorithm for 

obtaining the maximum flow started from the source vertex srcV

and reached to the final graph’s vertex – either real recV  or  fictive 
recV . 

There are always losses when transmitting information or 
energy through the graph’s model from the source to the recipient.  
They decrease the flow ( ),in i jf V V , i.e. the condition (3a). The 
condition (3b) is satisfied in some types of manufacturing systems. 

For all 5 maximum flow problems defined above, the condition 
(1b).  

The input flow for the system is generated by the source vertex 
srcV  and it is named as ( )src srcf f V= . The output flow  

( )rec recf f V=  is the flow, consumed by the recipient recV . It s 
assumed that the flow passing through the intermediate graph’s 
vertexes is zero. 

The different types of flows are defined in [1]. For the future 
analysis, we will describe them again in briefly. 

Definition 1: The allowed flow is:  

 
( ) ( )

( ) ( )
, ,

( ),
( ),

0, ,

i j

allowed
out i j in i j

M V M V

src i src

src i rec

src rec

f f V V f V V

f V V V
f V V V

V V V

= − =

=
= − =
 ∀ ≠

∑ ∑
. (4) 

Definition 2:  The maximum flow is: 

 
( )

max

max

1,
max ,allowed

i src reci n
f f V V

=
 =    (5) 

where ( ),
allowed

i src recf V V=  are all allowed flows with number i 
passing through the directed graph from the source to the recipient 
vertexes.  

Definition 3:  The conventionally optimal flow 
( ) ( )( ),opt opt opt

src recf f V f V=  is, if arbitrary allowed flow 

( ),i
allowed

src recf f f= satisfies at least one of the conditions (6)  

 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

,
,

src src rec rec

rec rec src src

f V f V if f V f V
f V f V if f V f V

+ − + −

− + + −

≥ ≥
≥ ≥ , (6) 

where: ( )srcf V+  - the flow, generated from the vertex srcV passing 
through the graph’s model from srcV   to  recV ; 

 ( )srcf V−  - the flow, consumed of the vertex srcV passing 
through the graph’s model from recV   to srcV ; 

 ( )recf V+  - the flow, consumed of the vertex recV passing 
through the graph’s model from srcV   to  recV ; 

 ( )rеcf V−  - the flow, generated from the vertex recV passing 
through the graph’s model from recV   to srcV . 

Definition 4:  The maximum allowed flow is 
( ) ( )( )* * *,src recf f V f V= , if it satisfies all the conditions (4), (5) 

and (6) simultaneously. 

3. Algorithm of the universal approach for determining the 
maximum flow problems 

Each problem defined in the previous paragraph can be reduced 
to the optimization maximum flow problem, where the the goal 
function is: 

 
( ) ( )max max , max ,

j i

k j i r
V V

f f V V f V V
Σ

= =∑ ∑
 (7) 

and the constraints:  
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( ) ( )

( ) ( )

( ) ( )

, , 0 ,

, , ;

, , ;

j s

j s

j s

i j s i i src i rec
V V

i j s i i src
V V

i j s i i rec
V V

f V V f V V if V V V V

f V V f V V f V V

f V V f V V f V V

Σ

Σ

− = ≠ ≠

− = =

− = − =

∑ ∑

∑ ∑

∑ ∑

, (8) 

where maxfΣ   is the maximum flow passing through  the minimum 

intersection min
CL  of the considered directed graph. 

The basic directed graph, which is divided into two separate 
ones AG   and BG  this function is: 

 min

max

min
max ( )

C

C
ij

L

L qf f
Σ

=
Σ ∑=

, (9) 

where: min
C A BL G G = →    A

srcV G∈ ; 
B

recV G∈ ; 

A BG G∩ =∅ ; A BG G G∪ = .  

The approach, solving the optimization problem (7) with 
constraints (8) is proposed and described in details in [19]. Each 
iteration consists of two procedures – vertexes marking and flows 
correction. The iteration process stops when the minimal 
intersection  min

CL  in the directed graph’s model is determinated.  

Before starting the algorithm, it is necessary to know the 
structure of the directed graph modeling the considered system as 
well as the capacities ijq of each graph’s arc. It is assumed that the 
initial values of the flows ijf  passing through the graph’s arcs 

ijL L∈  are zero. 

In Procedure 1 a vertexes marking is made. Each node is 
assigned the appropriate pair of marks, moving from source to the 
recipient vertexes. This marking indicates where the respective 
flow comes from and its maximum allowable value that can be 
passed through the respective arc. When all vertexes are marked 
then the algorithm goes to the Procedure 2. This procedure moves 
from the recipient to the source vertexes correcting the flows 
passing through each of the arcs in the respective sequences of arcs 
in the considered directed graph. If all the arcs entering the vertex 

recV are saturated, then the maximum flow maxfΣ is determined and 

the procedure stops. Otherwise it returns to the beginning of 
Procedure 1. 

Note: An arc is saturated if the flow that passes through it ijf  
is exactly equal to its capacity ijq . 

4. Solutions to the defined 5 types of the problems 
The maximum flow determination approach, proposed in [19], 

can be applied to solve each of the typical problems, defined in 
Section 2. 

Problem 1 
Before starting the algorithm the directed graph’s model is 

determined. In this model the values of the arcs capacities { }ijq and 

vertexes infinity capacities , 1,sP s n→∞ =  are known. 

To simplify the future exposition and without loss of the 
generality the maximum flow max( )fΣ  is obtained for the 
intersection of the directed graph’s model shown in Figure 2. For 
simplicity the elements (vertexes and arcs) included in the 
beginning of the graph are aggregated in the set _M .  

In this problem the condition (1b) is satisfied, i.e. the flow ijf   

passing through the arc ijL , have to be smaller or equal its capacity 

ijq . 

Vα

Vβ

_

M

Vγ

Vδ

Vε

recV

 
Figure 2: Idealized system described by the graph’s model 

Based on the minimum intersection min
CL (see Figure 2), which 

satisfy the condition (4), the respective maximum flows are: 

 

max

max
,

.A

B rec

f q q q

f q
βε γε δε

δ

Σ

Σ

 = + +


=  (10) 

Conclusions: 

• The maximum allowed flow max
A

f Σ  is equal to the sum of the 
capacities of the arcs , ,L L Lβε γε δε , because they beyond to 
the minimum intersection min

CL  and they are saturated (their 
capacity is exhausted). 

• The maximum allowed flow max
B

fΣ  for the arc Lαδ  is equal of 
the capacity of the arc Lδε , because it is assumed that the 
condition q q qδε αδ δε< +  is satisfied. Therefore, the arc Lδε  is 
saturated and it is added to the minimum intersection min

CL . 

• The final maximum flow, determined by Eq. (4) and Eq. (8) 

is 
max

max max
min

max ( )
A B

CL f ff f Σ Σ
Σ

= +
Σ = . 

Problem 2 

Before starting the algorithm the directed graph’s model is 
determined. In this model the values of the arcs capacities { }ijq  are 
known and each of them must belong to an initially defined range, 
i.e. min max,ij ij ijq q q ≤ ∈   . 

The solution of the Problem 2 requires a transformation the 
basic directed graph’s model to the new one, where: 

• Each arc is replaced by two new arcs - rgL  and gsL . 

• The capacity of each of these new arcs determines as follows: 
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 about the arc max min
rg rg rs rsL q q q→ = −  ; 

 about the arc min
gs gs rsL q q→ = . 

 It introduces the fictive arc fictL  with infinity capacity, i.e. 

fictq →∞ . 

Then the Problem 2 has a solution only when the condition 

min

max min

0ij

ij
q

f qΣ
≠

= ∑  is satisfied.  

The transformed graph’s model is the same as in Problem 1. 
Hence, the maximum flow maxfΣ  is determined in the same way. 

Problem 3 

Before starting the algorithm, the directed graph’s model is 
determined. In this model the values of the arcs capacities { }ijq and 

vertexes capacities , 1,sP s n=  are known. 

The specificity of this problem requires that the additional 
condition (8) to be included: 

 [ ( )] ;i s sf L V P V V⊕ ≤ ∀ ∈    , (11) 

where: [ ( )]if L V⊕  is the flow entering to the vertex sV V∈ ; 

 ( )iL V⊕  is the set of arcs, which are directly connected 
with the vertex sV V∈ only by one arc. 

To get the solution of this problem it is necessary to transform 
the basic directed graph’s model to the new one with ( )n m+  
vertexes where n and m are the number of vertexes and arcs in the 
initial directed graph, respectively. 

• Each vertex sV V∈  is replaced by two vertexes 
1s

V  and 
ssV , 

which are connected by the arc 
1 2 1 2

,s s s sL V V→ = < > ; 

• The capacity of the arc 
1 2 1 2

,s s s sL V V→ = < >  is obtained as 
follows: 

 
1 2

;s s s sq P V V→ = ∀ ∈  . (12) 

The transformed graph’s model is the same as in Problem 1. 
Hence, the maximum flow maxfΣ  is determined in the same way. 

Problem 4 

The initial conditions for this problem are the same as these in 
Problem 3 with the following additions. Fictive source 

{ }, , 1,src l src sV l N= =V and receiver { }, , 1,rec l rec rV l N= =V
are introduced, where each of them is associated with more than 
one real one (Figure 1). It is assumed that the graph’s vertexes have 
infinite capacities, i.e. ijq →∞ . 

The graph’s model from the Problem 4 has ( )s rn N N+ +

vertexes  and ( )2m +  arcs compared to the models in Problems 1, 
2 and 3, where n and m are the number of vertexes and arcs in the 
initial directed graph from Problem 1, respectively. 

The resulting graph’s model is the same as in Problem 1. 
Hence, the maximum flow studied maxfΣ  is determined in the 
same way. 

Problem 5  

Before starting the algorithm the directed graph’s model is 
determined. In this model the values of the arcs capacities { }ijq and 
the values of the coefficients { }ijΨ , correcting the flow, passed 
through all of the graph’s arcs are known. The latter are always 
positive and they reflect to the increasing ( 0ijδ > ), resp. 

decreasing ( 0ijδ > ) of the flow in the arc respective ijL . 

The next three steps describe the application of the considered 
heuristic algorithm [19] for solving Problems 1, 2 and 3, resp. 4 
and 5, which are reduced to Problem 1. 

1. Flows’ ccorrection passing through the graph’s arcs 

The flows’ correction is performed in the following way: 

 ( ) ( ). , ,ij in i j out i jf V V f V VΨ = . (13) 

Note: If 1ij∀ Ψ =  then the condition (1a) is satisfied and the 
directed graph’s model is associated to the Problems 1, 2 or 3. 

2. Determining the graph’s paths from the source vertex srcV  to 
the recipient vertex recV , where the resulting flow increases 

If the conditions  

 
( ),

"stright" arc ,
inf V V q

L V V
α ω αω

αω α ω

<

∀ =
; (14a) 

and 

 
( ), ,

"opposite" arc ,
inf V V q

L V V
α ω αω

ωα ω α

>

∀ =
. (14b) 

are satisfied, then there is a path from the vertex V Vα ∈  to the 
vertex V Vω ∈ in the analyzed directed graph, where the resulting 
flow increases. 

The example of this path including two arcs with straight 
direction and two ones with opposite direction and their capacities 

ijq  and correcting coefficients ijΨ , is shown in Figure 3. 

Vα Vβ Vγ Vδ Vω

,qαβ αβ Ψ  ,qγβ γβ Ψ  ,qδγ δγ Ψ  [ ],qδω δωΨ

 
Figure 3: Path with initial vertex Vα  and final vertexVω , including two straight 

and two opposite arcs 

3. Obtaining the active cycles in directed graph’s model 

In directed graph’s model ,G V L=< >  there is an active cycle 
( )C G , connected by the recipient vertex  recV , if the following 

conditions are satisfied: 
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 The value of the summary correcting cycle’s coefficient is 
bigger than 1, i.e. [ ]( ) 1C GΨ > . 

 The cycle’s capacity is not zero, i.e. [ ]( ) 0q C G ≠ . 

 The cycle includes a vertex Vλ , which is directly connected to 
the recipient vertex recV . 

The example of this type cycle is shown in Figure 4. 

Vλ

recV( )C G

 
Figure 4: A cycle in directed graph’s model 

Note: It is allowed in directed graph’s model to have cycles, 
connected to the source vertex srcV . 

5. Application of the maximum flow suggested approach to 
an illustrative example about Problem 1 

The algorithm for finding the maximum flow [19] will be 
illustrated for solving the Problem 1. Let’s the following example 
of the directed graph’s model is analyzed (Figure 5a). On the 
directed graph ,G V L=< > the following quantities are indicated: 

1 The capacities ijq  of the respective arc ,ij i jL V V L= ∈  are 
shown below it. 

2 The values of the flows ( , )ij i jf f V V=  passing through the 
arc ijL  are underlined and are written above to the arc. It is 
assumed that the initial values of these flows for all arcs are 
zeroes. 

3 The vertexes marks 1 2( ), ( )i iM V M V    are noted in the 
following way:  

• 1( )i jM V V= ± , with respect to an increasing (+) or decreasing 

(–)  flow passing through the arc ijL ; 

• 2 ( ) ( )i add iM V f V=  - the maximum value of the additional 
flow ( )add if V  from the source vertex  srcV  to the vertex  iV  
passing through the sequence of the arcs, where the flow 
increases. This flow is determined as follows:  

 

( )
( )

( )
( )

( ) min ( ), , ,

if , ( )

( ) min ( ), , ,

if , 0 ( )

add i add j ij j i

j i ij i j

add i add j i j

j i i j

f V f V q f V V

f V V q V M V

f V f V f V V

f V V V M V

+

−

 = − 

< ∧ ∈

 =  

> ∧ ∈

 (15)                

It is assumed that the initial marks of all vertexes are zeroes. 
And the source vertex srcV  gets the mark ( ) ,src srcM V V= ∞   , 
i.e. the generated flow from the source vertex is infinite. 

 
Figure 5a: Illustrative example for solving a maximum flow problem 

When applying the heuristic algorithm [19], each iteration 
consists of 2 steps: first the vertices in the considered directed 
graph are marked and checked, and second the flows passed 
through the arcs in the graph’s model are corrected. When marking 
the vertices, the algorithm moves from the beginning to the end of 
the graph, and when correcting the flows – vice versa, taking into 
account the capacity of each arc.  

The required maximum flow is determined when all incoming 
arcs in the end graph’s vertex are saturated. For the present 
example, this happens to the third iteration. The iterations are 
following. 

Iteration 1 

Vertexes marking (Figure 5b) 

The source vertex srcV is marked with: 

 ( ) ,src srcM V V= + ∞  . 

The vertexes 1V  and 4V , that are directly connected with srcV  
get the following marks: 

 ( ) [ ]
( ) [ ]

1 2

4 2

, 140 , min , 140 0 140
, 120 , min , 120 0 120

src

src

M V V M
M V V M

= + = ∞ − =  
= + = ∞ − =  

. 

Therefore, the vertex srcV  is marked and checked. 

Let’s move to the next vertex - 1V , which is marked but not 
checked. The latter is connected to the vertexes 2V  and 3V . So their 
marks are determined as follows: 

( ) [ ] [ ]

( ) [ ] [ ]
[ ] [ ] [ ]

2 1 2

1 2
3 1

4 2

, 120 , min 140, 120 0 120

, 70 , min 140, 70 0 70
max , 70

, 50 , min 120, 50 0 50

M V V M

V M
M V V

V M

= + = − =

 + = − = = = + + = − =  

 

Therefore, the vertex 1V  is marked and checked. 

The marks of the other vertexes are determined by analogy as 
follows: 

( )
[ ] [ ]

[ ]
[ ] [ ]

[ ]

( ) [ ] [ ]

2 2

5 3 2 4

4 2

2 2

, 50 , min 120, 50 0 50
max , 40 , min 70, 40 0 40 , 60

, 60 , min 120, 60 0 60

, 120 , min 120, 30 0 30rec

V M
M V V M V

V M

M V V M

 + = − =
 = + = − = = +   
 + = − = 

= + = − =

 

Vsrc

[0, 0] [0, 0]

[0, 0]

[0, 0][0, 0]

0

0

0

0

0 0

40

0

0

0 0

0
120

140

120

80
70

50

60

0

70
50

30

200

[0, 0]

V1

Vrec

V2

V3

V4 V5

[0, 0]
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Figure 5b: Results from vertexes marking in an Iteration 1 

So, all vertexes in the directed graph are marked and checked. 

Flows correction (Figure 5c) 

The vertex recV  is chozen as a start vertex and we move from 
the end recV  to the beginning srcV of the directed graph. Using Eq. 
(11) it determines the flow 

 ( ) ( )2 30add rec recf V M V= = . 

Thus, the consequence of the arcs 

2 2 1 1, , ,rec srcV V V V V V→ →  

is formed basing on the first mark coefficients ( )1 iM V of the 
respective vertexes. Then, using Eq. (12) the corrected values of 
the flows only in this arcs are calculated as follows: 

 ( )2 1 2 1( , ) ( , ) ( , ) 0 30rec src add recf V V f V V f V V f V= = = + = . 

Then the condition  
 

2 2( , ) 30rec recf V V q= =  

is satisfied for the arc 2 , recV V . Then the arc is saturated and it 
is marked with bold.  

 
Figure 5c: Results from the flows corrections in the end of an Iteration 1 

Since the arcs 5 2 5 3 5 4 5, , , , , and ,recV V V V V V V V are 
not saturated the algorithm passes to next iteration – Iteration 2. 

Moving from recV  to the srcV as a result of this iteration a flow 
equal to 30 units is passed through each of the arcs 

1 1 2 2, , , and ,src recV V V V V V .  

Iteration 2 

Vertexes marking (Figure 5d) 

Based on the information from Figure 5c, the new mark of the 
vertexes is set as follows: 

 

( ) ( ) [ ]
( ) ( ) [ ]
( ) ( ) [ ]

( )

2 1

1 3 1

4 5 4

5

, , 90
, 110 , 70
, 120 , 60

, 60

src src

src

src

rec

M V V M V V
M V V M V V
M V V M V V

M V V

= + ∞ = +  
= + = +  
= + = +  

= +  

. 

 
Figure 5d: Results from vertexes marking in an Iteration 2 

Flows correction (Figure 5e) 

Using Eq. (11) for the arc 4 5,V V  the additional flow, is 
determined: 

 ( ) ( )5 2 5 60addf V M V= = . 

Thus, the consequence of the arcs 

4 4 5, ,srcV V V V→  

and 

1 1 4 4 5, , ,srcV V V V V V→ →  

is formed basing on the first mark coefficients ( )1 iM V of the 
respective vertexes. Using Eq. (12) the corrected values of the 
flows only in these arcs are corrected as follows: 

 
( )

( )
( )

4 4 5 5

1 4 4 5 5

1 5

( , ) ( , ) 0 60

( , ) ( , ) 0 60

( , ) 30 30 60 90

src add

add

src add

f V V f V V f V

f V V f V V f V

f V V f V

= = + =

= = + =

= + = + =

. 

The arc 4 5,V V  is saturated because the condition  

 4 5 45( , ) 60f V V q= =  

is satisfied.  Then the arc is marked bold.  

Based on the additional flow ( ) 60add recf V = , the corrected 
flows are: 

 ( )5 4 5( , ) ( , ) 0 60rec add recf V V f V V f V= = + = . 

 
Figure 5e: Results from the flows corrections in the end of the Iteration 2 
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Since the arcs 2 5 3 5, and ,V V V V are not saturated the 
algorithm passes to next iteration – Iteration 3. 

Moving from recV  to the srcV as a result of this iteration a flow 
equal to 60 units goes through each of the arcs 

4 4 5 5, , , and ,src recV V V V V V . This additional flow of 60 

units is then added to the current flows through the arcs 1 4,V V

and 1,srcV V , and finally, the flows of 60 and 90 units pass 
through the arcs, respectively. 

Iteration 3 

Vertexes marking (Figure 5f) 

Based on the information from Figure 5e, the new mark of the 
vertex 4V  is set as follows (Figure 5f): 

 ( )4 , 60srcM V V= +   . 

 

 
Figure 5f: Results from vertexes marking in an Iteration 3 

3.2. Flows’ correction (Figure 5g) 

Using Eq. (11) the arcs 2 5,V V and 3 5,V V  the following 
additional flows, are determined: 

 
 ( ) ( ) [ ]2

5 25 2 5min 50, min 50, 60 50
add

Vf V q M V = = = =    

and  

 ( ) ( ) [ ]3
5 35 2 5min 50, min 40, 60 40

add

Vf V q M V = = = =  . 

Thus, the other corrected flows are: 

 

 ( )
( )

2

3

2 5 5

3 5 5

( , ) 50.

( , ) 40.
add

add

V

V

f V V f V

f V V f V

= =

= =
 

here 

2 5 25 2 5

3 5 35 3 5

( , ) 50, and 50 , is saturated.

( , ) 40, and 40 , is saturated.

f V V q V V

f V V q V V

= = ⇒

= = ⇒
. 

Therefore, both arcs 2 5,V V  and 3 5,V V  are marked 
bold. 

 
Figure 5g: Results from the flows corrections in the Iteration 3 

The solution of the maximum flow problem is shown in Figure 
5h, where the final vertexes are marked and flows corrections are 
made: 

 
Figure 5h: Final maximum flow 

Moving from recV  to the srcV , as a result of this iteration, the 
following will happen. First, a flow equal to 40 units is passed 
through each of the arcs 1 1 3 3 5, , , and ,srcV V V V V V . 
This additional flow of 40 units is then added to the current flows 
through the arcs 1 1 3 3 5, , , and ,srcV V V V V V , and finally 
flows of 130, 40 and 40 units will pass through the arcs, 
respectively. Second, a flow equal to 50 units is passed through 
each of the arcs 1 1 2 2 5, , , and ,srcV V V V V V . This 
additional flow of 30 units is then added to the current flows 
through the arcs 1 1 2 2 5, , , and ,srcV V V V V V , and finally 
flows of 180, 50 and 50 units will pass through the arcs. Thus, the 
resulting flow through the arc will be 180 units. 

After the last iteration, it is seen that all arcs, where a flow 
passing through, are saturated. Therefore, an end solution is 
reached and the final maximum flow is: 

 ( ) ( ) ( ) ( )max
2 2 5 3 5 4 5, , , ,

30 50 40 60 180
recf f V V f V V f V V f V VΣ = + + + =

= + + + =
 

In the analyzed illustrative example, the final maximum flow 
has been found after the third iteration, because all arcs of the cross 
section shown in Fig. 5h passing flow to the end vertex recV  are 
saturated, i.e. the flow passing through them ijf  is exactly equal to 

the capacity of the corresponding arc ijq . 

A comparative study between the discussed heuristic 
algorithm and a standard min-cut algorithm for solving the 
maximum flow problem 

The obtained solution with a heuristic approach of [19] for an 
illustrative problem shown in Figure 5a is compared with  
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analogous ones, determined by traditional methods based on min-
cut theorem [20, 21, 22]. The latter is the following: “For any 
directed weight graph, the maximum flow passed through from the 
source to the recipient vertex is equal to the capacity of the 
minimum cut.”. Then it is necessary to obtain the set of arcs with 
minimum weight that after removing from the graph there is no 
path from the source to the recipient vertexes. The following 
methods were used: Ford Fulkerson [23], Edmonds Karp [24] and 
Dinic algorithms [25, 26]. The calculations are made with free 
software Visualgo. The final the full solution of the considered 
problem about the maximum flow is obtained. 

Note:  In contrast to the method applied in this article, in the 
final solution Visualgo visualizes the flow that passes through each 
of the arcs and their remaining capacity, depending on the full arc’s 
capacity, as shown in Figures 5a-5h. 

The final solution obtained through the used methods are 
shown in Figures 6a, 6b and 6c. 

 
Figure 6a: Final maximum flow obtained by the Ford-Fulkerson’s algorithm 

 
Figure 6b: Final maximum flow obtained by the Edmonds-Karp’s algorithm 

 
Figure 6c: Final maximum flow problem obtained by the Dinic’s algorithm 

The final maximum flow, determined by these three methods, 
based on min-cut theorem (Figures 6a, 6b and 6c), are the same as 
those of the heuristic approach applied in this article: 

 ( ) ( ) ( ) ( )max
2 2 5 3 5 4 5, , , ,

30 50 40 60 180
recf f V V f V V f V V f V VΣ = + + + =

= + + + =
. 

The advantage of the proposed approach is that the final 
solution is obtained on the 3rd iteration, and each iteration consists 
of two procedures. 

In the method of Ford Fulkerson, the final solution is obtained 
on the 6th iteration. The Edmonds Karp algorithm consists of two 
built-in cycles. For the considered example the final solution is 
obtained on the 4th iteration. As the external cycle is executed 4 
times and each time from its execution the internal is executed only 
once. The Dinic algorithm consists of two build-in cycles. For the 
considered example the final solution is determined after applying 
the external cycle 2 times. Initially, the internal cycle is rotated 2 
times after that – it rotates 3 times. All this shows the better 
efficiency of the proposed algorithm 

6. Conclusion 

Determining the maximum flow and the distribution of the 
flows in the analyzed directed graph based on the interconnections 
in its topology is an important prerequisite for the efficient use of 
resources in the considered system. The solution of this 
optimization problem depends on the structure of the comsidered 
graph’s model and the capacities of its arcs. The heuristic 
approach used in this article is universal not only in terms of the 
physical nature of the studied system, but also in terms of different 
types of problems considered -  the input data of each of analyzed 
problem are different.  

The solutions to the Problems 1, 2, 3 and 4 show that the flows 
passing through the arcs of the graph’s model are constant. The 
solution to the Problem 5, however, shows that the flow is variable, 
so one can make a general conclusion when the new approach has 
been successfully applied in the case of violation of the balance 
condition. 

In the present paper, the results of the solution for Problem 1 
with heuristic algorithm are compared with these obtained from 
other analogous methods:  Ford-Fulkerson’s, Edmonds-Karp’s 
and Dinic’s algorithms. The time complexity of this algorithm is 
equal to that of the Ford-Fulkerson’s and Edmonds-Karp’s 

algorithms - 2.O V E 
  , in contrast to that of the Dinic’s 

algorithm, where it is 
2 .O V E 

  . The illustrative example shows 
that it is faster to converge to the final solution comparing to the 
other considered algorithms. 

The used universal algorithm is inapplicable to solving 
problems in which at least one of the three initial assumptions 
(defined in Problem statement) is not fulfilled, i.e. Balance 
condition, second condition for sequencing the flow passing 
through the arbitrary arc with its capacity and third condition for 
the invariability of the flow passing through the considered graph 
moving from the source to the recipient vertexes and vice versa.  
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One of the possible future development of the work is related 
to the program realization of the proposed approach for 
determining the maximum flow passing through a directed graph. 

Other trend for the future development of the research on 
solving this problem is using an algorithm based on determining 
all possible paths in the considered directed graph, proposed in 
[27]. It uses two adjacent matrices corresponding to each vertex 
of the graph - these of the input and output arcs in the vertex, 
respectively. As a result of the algorithm, one will only be 
interested in the maximum flow that has passed the shortest path 
from the start to the end vertex in the directed graph. 
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